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CHAPTER 1 
INTRODUCTION 
1.1 Problems in Frictional Contact Analysis 
Contact is a phenomenon found in a wide variety of engineering applica-
tions involving the transmission of stress between bodies which are not 
mechanically joined. Notable examples are bolted friction joints in metal-
lic structures; forming processes involving rolling, extrusion, punching or 
upsetting processes; roller expansion joints in bridge structures; and 
contact between mechanical components such as gears, wheels, and even skele-
tal system parts in biomedical engineering. Stress is transferred between 
contacting bodies in two components: normal compression and tangential 
friction. Bodies which are initially in contact will separate before ten-
sile normal stresses can develop. Frictional stresses develop along direc-
tions tangent to the contact surface due to deformations of the asperities 
on the surfaces of the contacting bodies. 
Despite its engineering importance, contact remains one of the most 
challenging analysis problems in solid mechanics. Several factors compli-
cate the problem. First, the extent of the contact zones is generally not 
known a priori and must be determined as part of the solution process. The 
locations of the contact zones can shift during the course of analysis and 
large errors can result from inaccurate estimates of the contact surface. 
The deformations of the bodies must be constrained to allow contact but 
prevent interpenetration. The presence of finite relative slip between 
bodies further complicates the problem of developing a suitable kinematical 
model for contact. Modeling the transfer of stress between contacting 
bodies is a problem since it is difficult to predict which material parti-
cles will be in contact after finite slip. The friction law itself implies 
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a special form of traction boundary condition in which the friction stresses 
and normal tractions are coupled. Geometric complexity and nonlinearities 
due to material response and large deformations compound the challenge of 
contact analysis. 
The finite element method is an analysis technique that has been used 
effectively to treat large deformations, material nonlinearity and geometric 
complexity. However, the modeling of finite relative displacement, moving 
contact boundary conditions and the constraint against interpenetration is 
awkward using conventional Lagrangian kinematic descriptions. This study 
explores the application of mixed Eulerian-Lagrangian kinematic models to 
overcome these problems in finite element analysis of contact problems. 
1.2 Content Summary 
This study is concerned with the development of new computational 
methods for frictional contact problems based on the Eulerian-Lagrangian 
description. Contact problems confront the analyst with a variety of unique 
challenges as described above. Several new finite element techniques were 
developed in response. These new techniques are reported in Chapter 2. 
Because they are potentially useful in applications other than contact 
analysis, they are first presented as general computational methods and are 
specialized to contact problems in later chapters. 
Section 2.1 reviews the Eulerian-Lagrangian kinematic description 
(EeL.D.). Both potential energy and virtual work formulations are presented 
followed by the development of incremental finite element expressions. A 
consistent finite element technique for the recovery of surface tractions 
and distributed reactions is developed in Section 2.2. This provides an 
accurate means to calculate stresses on the contact surface. The method is 
extended to handle singular traction distributions, and numerical examples 
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are provided to demonstrate the effectiveness of the technique. In Section 
2.3 the E.L.D. and traction recovery procedure are combined to formulate the 
sensitivity of computed tractions to changes- in finite element grid geome-
try. The computational techniques described in Chapter 2 are the basis for 
the frictional contact algorithms described in Chapters 3 and 4. 
A new analysis procedure for frictional contact based on a topological 
description of the problem is presented in Chapter 3. Section 3.1 intro-
duces the topological description and a classification of contact problems. 
A survey of existing analysis procedures is given in Section 3.2. A new 
frictional contact algorithm, based on the direct implementation of the 
topological description using the Eulerian-Lagrangian kinematic model, is 
presented in Section 3.3 followed by an example application in Section 3.4. 
In Chapter 4 the remeshing capabilities of the E.L.D. are used to 
formulate an adaptive analysis procedure to handle the moving boundary 
aspects of contact problems. Section 4.1 describes stress residuals at the 
transition contours between different contact zones. The sensitivity tech-
nique developed in Section 2.3 is used to relate changes in the stress 
residuals to Eulerian grid changes in Section 4.2. Section 4.3 presents a 
method in which a least squares minimization of the transition stress resid-
uals determines optimal approximate locations of the transition contours. 
The implementation of the procedure is described in Section 4.4 followed by 
an example application in Section 4.5. 
Chapter 5 presents example numerical applications of the new frictional 
contact algorithm. The examples demonstrate two approaches to modeling 
changing contact geometries, namely the heuristic algorithm of Chapter 3 and 
the adaptive analysis method of Chapter 4. A final example illustrates the 
use of splines to model curved contact geometries. Conclusions and recom-
mendations for future research are given in Chapter 6. 
4 
1.3 Notation 
A summary of the notation used in this study is given here for the 
convenience of the reader. Also, the following conventions apply. Cita-
tions are indicated in square brackets and are numbered according to the 
sequence used in the list of references. Repeated subscript indices imply 
summation unless indicated otherwise. Tensor quantities are expressed in 
terms of Cartesian basis vectors. Latin indices range over the coordinate 
directions and the range of Greek indices is specified in each case. The 
symbols used in the study are listed below. 
Matrix relating the incremental nodal traction vector to the incre-
mental displacement vector, in (2.45a) 
[AXyJ: Submatrix of partitioned [AnJ associated with partitions X and Y of 
the incremental displacement vector 
[BNpJ: Submatrix, relating incremental normal traction intensities to 
incremental friction tractions, in (4.16a) 
[BNsJ: Submatrix, relating incremental normal traction intensities to 
remeshing Eulerian degrees of freedom, in (4.16a) 
[B*J: Matrix containing derivatives of shape functions used in traction 
recovery technique, in (2.39c) 
Matrix relating the complete incremental displacement vector to the 
changes in grid geometry, in (2.47a) 
[DJ: Matrix relating incremental friction tractions to remeshing Eulerian 
degrees of freedom, in (4.17) 
[FJ: Matrix relating nodal internal forces to nodal surface traction 
{f }: 
e 
components, in (2.39a) 
Limiting friction traction vector at element node pairs 
5 
[GJ: Matrix relating complete set of degrees of freedom used in the 
adaptive contact model to independent degrees of freedom, in (4.8a) 
[GJ: Matrix containing interpolation functions defining smooth changes in 
grid geometry, in (4.7) 
[I J: Identi ty matri x 
[KXyJ: Submatrix of partitioned global stiffness matrix associated with 
partitions X and Y of the global displacement vector 
[kXyJ: Submatrix of partitioned element stiffness matrix associated with 
partitions X and Y of the element displacement vector 
[oj: 
[N*]: 
Cap]: 
Matrix containing standard element shape functions 
Matrix of interpolation functions for traction distribution on the 
contact surface 
Null matrix 
Matrix containing modified element shape functions, in (2.37) 
Matrix relating the incremental traction component vector to the 
remeshing degrees of freedom, in (2.48) 
{PNe }: Element nodal normal traction intensity vector 
{P*}: Vector of global nodal surface traction components, in (2.39a) 
[ap*]: Condensed form of matrix Lap], only for traction components at 
transition nodes, in (4.23) 
{PrP: 
{ P~}: 
{p *} : 
{p*} : 
[QnJ: 
Vector of global nodal normal traction components, in (4.10a) 
Vector of global nodal friction traction components, in (4.10a) 
Interpolated surface traction vector, in (2.36) 
Nodal traction intensity vector 
Matrix relating the remeshing Eulerian degrees of freedom to transi-
tion stress residuals, in (4.30a) 
{~RX}: Incremental load vector associated with incremental displacement 
vector {~X} 
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{R*} : Matrix containing nodal internal forces, in traction recovery proce-
d ur e, in (2. 3 9a) 
{t,s}: Vector containing remeshing Eulerian degrees of freedom at transi-
tion node pairs, in (4.6) 
[TJ: Matrix constructed from the definition of transition stress resid-
ual s, in (4.23) 
[T J: Matrix transforming special degrees of freedom used in frictional 
xs 
contact model to conventional degrees of freedom, in (3.38a) 
{8u*}: Virtual displacement vector, in (2.37) 
{8u*}: Nodal virtual displacement vector, in (2.37) 
{t,X}: Incremental displacement vector containing Eulerian degrees of 
freedom 
Incremental displacement vector associated with the changes in grid 
geometry, in (2.46) 
Displacement vector, containing Eulerian and contact node remeshing 
degrees of freedom, in (4.6) 
{t,x }: Incremental displacement vector containing Lagrangian degrees of 
freedom 
{t,x}: Incremental displacement vector containing Lagrangian and slip 
degrees of freedom, in (4.6) 
[rbeJ: Element matrix representing incremental applied body forces due to 
grid geometry changes, in (2.44d) 
[r J: Element matrix representing incremental applied surface tractions pe 
due to grid geometry changes, in (2.44d) 
Matrix relating incremental load vector to incremental nodal fric-
tion traction vector, in (4.14) 
Matrix relating incremental load vector to remeshing Eulerian de-
grees of freedom, in (2.46) 
[r*]: 
{pn} : 
{pn} : 
{l1p}: 
Cap]: 
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Matrix transforming shape functions, in (2.38) 
Matrix relating incremental friction and normal traction intensity 
vectors, in (4.10a) 
Element diagonal matrix relating element normal and friction trac-
tion components according to friction law 
Vector containing total transition stress residuals 
Modified form of {pn}, in (4.30c) 
Incremental transition stress residual vector 
Sensitivity matrix relating the incremental transition stress resid-
uals to the remeshing Eulerian degrees of freedom, in (4.22) 
{1}: Stress vector, in (2.40f) 
A : Surface of body a in initial configuration 
a 
At: Initial configuration of the surface of body a on which bodies are 
Co, 
in contact at current configuration 
a: Surface or area in deformed configuration 
t 
a : Current configuration of contact region common to contacting bodies, 
c 
t 
a 
Co, 
a*: 
a *· p. 
a *· u· 
B: 
b k : 
Cij kl 
E .. : 
1J 
e: 
in (3.3) 
Current conf iguration of contact surface of body a 
Portion of deformed surface on which tractions are prescri bed 
Portion of deformed surface on which displacements are prescri bed 
Portion of surface on which tractions are being computed 
Portion of surface a* on which tractions are prescri bed 
Portion of surface a* on which displacements are prescri bed 
Potential of body forces 
Components of body force 
Elements of constitutive tensor 
Components of Green strain tensor 
Subscript denoting element quantities 
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f: Limiting friction stress magnitude given by friction law 
g : Interpolation function associated with transition node pair a defin-
a 
h : 
a 
J .. : lJ 
J .. : lJ 
J .. : lJ 
P: 
ing smooth grid geometry mapping, in (4.5a) 
Element shape function associated with node a 
Components of total deformation Jacobian, in (2.5) 
Components of Lagrangian deformation Jacobian, in (2.6) 
Components of Eulerian deformation Jacobian, in (2.7) 
Components of the inverse of the Eulerian Jacobian 
-Determinant of the matrix with elements J .. lJ 
Singularity function, in (2.41) 
Standard element shape function associated with node a 
Traction interpolation function associated with node a 
Potential of surface tractions 
Components of distributed tractions 
Components of prescribed surface tractions 
Components of prescribed tractions on surface of body a 
Normal traction component on the contact surface 
Frictional traction components in direction a 
Components of unknown nodal traction intensities in traction recov~ 
ery technique, in (2.35) 
R: Transition stress residual functional, in (4.3) and (4.4) 
r: Superscript denoting quantities in reference configuration 
S .. : Components of the second Piola-Kirchhoff stress tensor lJ 
S : Function to model the effects of asperity deformations on friction, p 
in nonlocal friction law (3.23) 
sa Position vector in arc-length coordinate system on the contact 
surface on body a 
~sa: Incremental arc-length vector on contact surface of body a 
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~s: Remeshing Eulerian degree of freedom for a node pair on contact 
surface, in (3.31) 
~s: Relative slip degree of freedom at a contact node pair 
t: Time, also superscript denoting quantities at time t 
t B: Basis vector in tangential direction a on contact surface of body B 
-a 
U. : Incremental displacement components 
1 
u~: Total displacement components at time t 
1 
U. : Lagrangian displacement components 
1 
U. : Eulerian displacement components 
1 
o 6ui : Components of compatible virtual displacement field in displacement 
solution procedure, in (2.34) 
6u~: Components of compatible virtual displacement field in traction 
1 
recovery procedure, in (2.35) 
o 
U.: Components of initial displacement field, in (3.7a) 
1 
u!: Components of initial veloCity field, in (3.7b) 
1 
Vt : Initial volume 
t 
v : Current volume 
v
r
: Reference volume 
w;: Strain energy density in potential energy functional, in (2.9a) 
t W2 ! Strain energy density in virtual work functional, in (2.11a) 
w~: Strain energy density in virtual work functional, in (2.42a) 
t X.: Coordinates in initial configuration corresponding to mesh in con-
I 
figuration t 
X~: Coordinates of node a in initial configuration corresponding to mesh 
la 
in configuration t 
6Xi ! Variation of initial position vector components 
t 
x. : Coordinates in deformed configuration at time t 
1 
t X.: Components of deformed position vector of node a at time t 
la 
ox. : 
1 
r 
x. : 
1 
0: 
E: 
E .. : lJ 
Eij k: 
e: 
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Variation of components of current position vector 
Position vector components in reference coordinate system 
Symbol denoting incremental quantities 
Symbol denoting virtual quantities 
Kronecker delta 
Scalar describing the maximum deformation of the asperities of 
contact surface prior to sliding, in (3.25) 
Components of Almansi strain tensor 
Permutation symbol 
Constant to reflect splitting of relative slip between contacting 
bodies, in (3.31) 
K: Scalar metric, representing mapping of surfaces to parent element, 
in (2.8) 
~: Coefficient of friction, in (3.22) 
v: Constant reflecting the roughness of the contact surface in nonlocal 
friction law, in (3.23) 
IT: Potential energy functional 
t p: Mass density at time t 
Pcs: Stress residual at contact-separation transition contours, in (4.2) 
Pss: Stress residual at stick-slip transition contours, in (4.1) 
'[ .. : Components of Cauchy stress tensor lJ 
~ : Function representing elastic-perfectly plastic stick-sliding condi-
E 
tion on the contact surface, in (3.23) 
~aB: B-Spline weighting functions, in (3.26) 
¢ : Parametric coordinates on the contact surface on body a 
a 
w : Symmetric kernel modeling the effect of asperities on the friction 
P 
capacity, in (3.24a) 
[J: Rectangular or square matrix 
11 
}: Column vector 
[ -1 J : Matrix inverse 
[ JT: Matrix transpose 
O( ) : Symbol denoting constant terms in incremental expansion 
L( ) : Symbol denoting linear incremental terms 
Q( ) : Symbol denoting quadratic incremental terms 
* ( ) : Symbol, denoting quantities related to traction recovery procedure 
-( ) : Symbol, denoting Eulerian quantities 
( "') : Symbol, denoting Lagrangian quantities, nodal quantities, or remesh-
ing degrees of freedom at contact node pairs 
( ) : Symbol, denoting vector 
-
( ") : Symbol, denoting unit vectors 
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initial and deformed configurations respectively. A common Cartesian coor-
dinate system, with origin 0 and basis vectors e. defines the vector compo-
-1 
nents. An independent spatial reference configuration vr is selected. A 
separate reference coordinate system describes positions ~r in this configu-
ration. At any time t a location ~r is associated with a single particle 
identified by its position vectors ~t and xt. t t In this model, ~ and x are 
functions of time and ~r, the only independent spatial variable. Assume 
that one-to-one mappings exist such that 
t 
x 
r ~ (~ , t) 
r ~(~ ,t) 
The associated displacement vector is 
t 
u 
r ~(~ ,t) 
(2. 1 ) 
(2.2) 
(2.3) 
The components of the Green strain tensor corresponding to the total defor-
mation are defined by 
E .. 1J 
(2.4) 
in which J .. = ax./aX. are Jacobian components of the total deformation. It 
1J 1 J 
is convenient to decompose J ij into Lagrangian and Eulerian parts, J ik and 
J kj respectively. 
J .. 
1J (2.5) 
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J ik 
r 3xi /3xk (2.6) 
-1 
J kj 
r 3xk/3X j (Jkj ) (2.7) 
If J .. is constant in time the conventional Lagrangian description is 
IJ 
obtained. A pure Eulerian formulation results if J .. is constant in time. IJ 
2.1.2 Formulations of Potential Energy and Virtual Work 
Reference 1 presents potential energy and virtual work formulations 
based on the Eulerian-Lagrangian description. The potential energy formula~ 
tion is reviewed first. The potential energy of a system expressed in the 
current configuration is given by 
ITt 1/2 It t t t It t t bt dvt T .. E .. dv - Uk P IJ IJ k 
v v 
- It 
t t da t (2.8) uk Pk 
a p 
t t 
where T .. are components of the Cauchy stress tensor, E .. are components of 
IJ IJ 
the Almansi strain tensor, pt is the mass density, b~ are components of body 
t force, Pk are components of the traction vector measured per unit surface 
t 
area in the current configuration, and a is the portion of the surface on p 
which the tractions are prescribed. The potential energy expression in the 
reference configuration is 
16 
(2.9a) 
w~ is the strain energy 
density measured in the reference configuration and is given by 
t t -t S .. E .. J 
IJ IJ 
(2.9b) 
in which S~. are components of the second Piola-Kirchhoff stress tensor, and 
IJ 
Jt is the determinant of J~ .. 
IJ 
An admissible virtual displacement field denoted by o~ is imposed on 
the current configuration. The principle of virtual displacements requires 
that 
t dvt dou./dx. 
1 J 
The virtual work expression in the reference configuration is 
I wt dvr r 2 
v 
(2.10) 
(2.11a) 
_ t. _ _ _. ._ 
where W2 is the virtual strain energy density measured in the reference 
configuration and is given by 
~ -Jt Jt st -Jt 
uUi,s s£' ik k£' (2.11b) 
in which the comma between subscripts denotes differentiation with respect 
to the reference coordinates. 
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The stiffness equations obtained from (2.9a) and (2.11a) are generally 
nonlinear. The incremental formulations which are used to derive linearized 
stiffness equations are given in the next section. 
2.1.3 Incremental Formulations 
An incremental model of the E.L.D. is depicted in Figure 2.2. The 
positions of the material particle associated with a specific reference 
r location x at time t+~t are given by 
t+~t X 
t+~t 
x 
t r 
x + ~~(~ , ~t) 
(2.12) 
(2.13) 
The increments ~~ and ~~ are treated as generalized displacements. The 
concept of Eulerian and Lagrangian displacement components ~ and g is intro-
duced, 
u (2.14) 
Q ~x (2.15) 
such that the total incremental displacement vector is 
~x - ~X Q + u (2.16) 
The incremental displacements produce corresponding changes in the 
Jacobian, strain and stress components. The following expressions are 
truncated after terms that are quadratic in the incremental displacements 
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since higher order terms will not appear in the linearized stiffness equa-
tions developed from stationary potential energy. Only linear terms are in 
fact necessary in the virtual work equations. The Jacobian increments are 
where 
!:J.J .. !:J.x .. 
l,j 
!:J.L 
!:J.Q 
Ij 
!:J.X •• 
l,j 
(J .. ) -t Ij -Jik 
(Jij ) 
-t 
= J ik 
(2.17) 
(2.18) 
Q -
+ !:J. (J ij) + H. O. T (2. 19a) 
!:J.Xk,J(. -t JJ(.j (2.19b) 
!:J.Xk,J(. -t !:J.X -t JJ(.m J . m,n nj (2.19c) 
and H.O.T represents the truncated terms. The operators denoted by !:J.L and 
!:J.Q are the incremental operators that produce terms which are linear and 
quadratic in the incrementa displacements, respectively. The increment of 
the total Jacobian is 
!:J.J .. Ij (2.20a) 
where 
(2.20b) 
(2.20c) 
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-The increment in J is given by 
(2.21a) 
where 
Ll L (3) (LlJ i1 
-t -t -t 
LlJj 2 
-t -t -t llJk3 ) (2.21b) £ij k Jj 2 Jk3 + J i 1 J k3 + J i1 J j 2 
llQ(j) (llJ i 1 
- -t -t - -t llJk3 ) £ij k llJ j 2 J k3 + J i 1 llJj 2 llJk3 + llJ i1 J j 2 (2.21c) 
and £ is the permutation symbol. The incremental strain components are 
llE .. 
IJ (2.22a) 
where 
(2.22b) 
(2.22c) 
The increment of the second Piola-Kirchhoff stress tensor for a homogeneous 
linear material is 
II S .. 
IJ (2.23a) 
where 
(2.23b) 
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(2.23c) 
The total potential energy expression for time t+~t is obtained by 
introducing (2.17) through (2.23) into (2.9a). The truncated form of the 
incremental potential energy is 
1/2 Ir (~W1 - 2~B) dvr - Ir ~p dar (2.24) 
v a p 
~W1 is the increment of strain energy density and is given by 
(2.25a) 
where 
t L( ) -t t t ALC-J) 2 Sij ~ Eij J + Sij Eij D (2.25b) 
(2.25c) 
The increments of the potential of external forces are 
(2.26a) 
in which 
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II ° (B) t 0 (b t +llt bt ) -t (2.26b) uk p k k J 
llL(B) ° 
t+llt 3t + t ° 
t+llt llL (3) (2.26c) lluk p bk uk P bk 
llQ(B) llUk ° 
t+ll t llL (3) t 0 t+llt llQ (3) (2.26d) p bk + u P bk k 
and 
llP (2.27a) 
in which 
llO(P) t ( t+llt t (K a) t (2.27b) uk Pk - P ) k 
llL(p) lluk 
t+llt t( a)t Pk -Pk K 
t 
+ uk t+llt Pk llL(K
a ) (2.27c) 
llQ(P) llUk 
t+llt llL(K a ) + t t+llt llQ(K a ) (2.27d) Pk uk Pk 
The external loads in (2.24) are assumed to be independent of llX and ll~ for 
simpl i ci ty .. 
The introduction of (2.17) through (2.23) into (2.11a) gives the Yirtu-
al work expression at time t + llt. Only terms that are linear in incremen-
tal displacements are retained. 
Ir [W 2
t + llL(W2)] dyr 
Y 
The truncated statement of virtual work is 
Ir QU k pO b~+llt [Jt + llL(J)] dyr 
v 
(2.28) 
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where 
~ [AL(-J) Jt st -Jt -Jt L(J ) st -Jt 
uUi,s D s£ ik k£ + s£ f::.. ik k£ 
(2.29) 
Linearized stiffness equations are obtained from the first variation of 
(2.24) or by consideration of all admissible virtual displacement fields 
in (2.28). The following section presents discretized finite element forms 
of the linearized stiffness equations. 
2.1.4. Incremental Stiffness Equations Based on the 
Finite Element Form of the Eulerian-Lagrangian Description 
The conventional pure Lagrangian description uses a fixed reference 
material configuration to formulate equilibri urn equations. The total La-
grangian description (T.L.D.) uses the initial configuration as reference 
[2J. The current deformed state is the reference configuration in the 
updated Lagrangian description (V.L.D) [2,3J. In contrast, the general 
Lagrangian description (G.L.D) [4J and the mixed Eulerian-Lagrangian de-
scription are more general descriptions in which the configurations used to 
define the strain measure and to establish the independent spatial variables 
need not be the same. 
A useful form of the E.L.D is based on isoparametric finite element 
models as shown in Figure 2.3. The parent element geometry is selected as 
the reference configuration for each element, and the element natural coor-
dinate system is chosen to be the reference coordinate system. This re-
quires that the reference configuration and coordinate system be defined 
independently for each element. The initial and current configuration 
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coordinates and the incremental and virtual displacements of an isoparamet-
ric element are then given by 
and 
X~ 
1 
t 
x. 
1 
/::.X. 
1 
/::.x. 
1 
Qu. 
1 
h 
a. 
h 
a. 
h 
a. 
h 
a. 
X~ la. 
t 
x. la. 
/::.X. la. 
!J.x. la. 
h Qu. 
a. la. 
(2.30a) 
(2.30b) 
(2.30c) 
(2.30d) 
(2.30e) 
r 
where h = h (x ) is the shape function associated with node a.. The index a. 
a. a. -
ranges from 1 to N, where N is the total number of nodes in an element, and 
subscripts ia. denote the component associated with node a. in direction i. 
The introduction of (2.30) in (2.24) and (2.28) leads to finite element 
forms of linearized stiffness equations. Derivations of the stiffness 
equations in matrix form for both potential energy and virtual work are 
given in Appendix I. 
The system of linearized global equilibrium equations obtained by the 
application of stationary potential energy in incremental form is 
K 
xx 
!J.X 
/::.R 
x (2.31) 
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where {~x} and {~X} are incremental displacement vectors containing, respec-
tively, Lagrangian and Eulerian degrees of freedom, and {~Rx} and {~RX} are 
incremental load vectors associated with {~x} and {~X} respectively. The 
stiffness of a structure with M nodes in a three-dimensional problem is a 
6Mx6M symmetric, but may be a rank deficient matrix. This can be explained 
as follows. At each node there are a total of six degrees of freedom (three 
Eulerian and three Lagrangian). Six equations are also available, related 
to the stationary requirement of the potential energy for variations of each 
degree of freedom. At least three of the equations, associated with equili~ 
brium in each coordinate direction, are guaranteed to be independent. 
However, the full set of six equations are generally not mutually indepen-
dent. 
The application of the virtual work equations (2.28) results in a 
system of equilibrium equations given in partitioned form by 
~x {--} 
~X 
{~R } 
x 
(2.32) 
In contrast to the stiffness matrix in (2.31), here the stiffness is a 3Mx6M 
rectangular matrix. This is because at each node with six degrees of free-
dom, only three independent virtual displacements are considered. Addition-
al constraints or suppression of selected degrees of freedom are needed to 
produce a square matrix. Unfortunately, a nonsymmetric matrix results. A 
symmetric global stiffness matrix is produced only in a pure Lagrangian 
model. 
The choice between the two formulations of linearized stiffness equa-
tions involves several considerations. Provided that a structural system 
can be idealized as conservative within an incremental step, a symmetric 
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global stiffness is obtained by the application of stationary potential 
energy. Despite the fact that more storage is required for the element 
stiffness matrix, the symmetric property of the global stiffness matrix 
makes the potential energy equations more efficient computationally than the 
virtual work equations. In a problem involving a nonconservative system, 
the virtual work formulation may be used to derive linearized stiffness 
equations. 
2.1.5. Applications of the Mixed Eulerian-Lagrangian Kinematic Description 
The mixed Eulerian-Lagrangian description is useful in a variety of 
applications in solid mechanics. The inclusion of Eulerian degrees of 
freedom in a finite element model allows motion of material particles rela-
tive to the convected mesh. Therefore, the set of material particles that 
occupies a given element changes through time. This provi~es a means to 
change an element grid without explicitly remeshing. 
This adaptive capability of the mixed displacement model is used by 
Haber and Koh in finite element analysis of fracture [5J. The propagation 
of a crack is modeled by an Eulerian degree of freedom which identifies the 
material particle currently at the crack tip. This method is used to ex-
tract energy release rates from finite element solutions, and is currently 
being extended to model dynamic crack propagation. 
The mixed kinematic model can be used to model variations in mesh 
geometry to obtain explicitly expressions for the sensitivity of computed 
surface tractions to finite element grid changes. Details of this applica-
tion are presented in Section 2.3. The sensitivity information is useful in 
shape optimization procedures that minimize reactions on structures. Also, 
the E.L.D. provides the basis for general shape variations in finite element 
grid optimization procedures. 
26 
Another application of the E.L.D. is modeling contact-slip problems. 
Eulerian degrees of freedom are used to represent finite slip between bodies 
at contact node pairs. Interpenetration of the bodies is prevented by 
assigning the same Lagrangian displacements to the nodes in each pair so 
that they coincide at all times during deformation. In this way unilateral 
contact displacement constraints and the resulting variational inequalities 
are avoided. Details of this application are given in Chapter 3. 
Another useful application of the E.L.D. is modeling moving boundary 
problems. Chapter 4 presents a problem in finite element analysis of 
contact-slip in which boundary conditions on the contact surface change 
during deformation. Identification of the precise transition locations 
between regions of stick and slip or separation and contact is esseniial to 
model the boundary conditions correctly using a finite element model. 
Eulerian displacements are used to adjust node locations to coincide with 
the correct transition locations. 
2.2 Finite Element Techniques for Recovery of 
Distributed Reactions and Surface Tractions 
This section deals with finite element techniques for recovery of 
distributed reactions and surface tractions. Section 2.2.1 provides a brief 
review of existing stress recovery techniques. &Tlphasis is given to tech-
niques intended to improve the estimate of stresses at element boundaries. 
A consistent finite element technique for recovery of distributed reactions 
and surface tractions based on the principle of virtual displacements [6J is 
reviewed in Section 2.2.2. An example analysis demonstrating the technique 
is included. Section 2.2.3 describes an extension of the technique for 
problems with singular stress distributions, based on the use of singular 
elements and modified trial functions for the reactions and surface trac-
tions. An example singular problem concludes the section. 
27 
2.2.1 Survey of Finite Element Techniques for stress Recovery 
at Element Surfaces 
In finite element analyses based on the assumed displacement approach, 
the stress field is generally continuous only in the interiors of the ele-
ments. The use of Co element shape functions leads to stresses that are 
discontinuous across element boundaries. Moreover, stresses computed by 
direct use of the assumed stress-displacement relations are inaccurate, 
particularly at locations distant from the Gauss points [7J. Several tech-
niques to improve stress estimates at element boundaries have been proposed, 
including extrapolation of Gauss point values and local least square smooth-
ing techniques [8,9J. The stress estimates are improved, but are still 
discontinuous at element boundaries. Nodal stress averaging [10J or consis-
tent conjugate stress techniques [11J can be employed to produce continuous 
stresses. Errors in the equilibrium equations can be minimized by applica-
tion of Loubignac's iteration procedure [12J. 
A consistent finite element technique for recovery of distributed 
reactions and surface tractions is described in [6J. Both displacements and 
tractions are treated as primary unknowns in the variational principle. 
Trial functions are used to represent traction distributions on the portion 
of the structure surface where the tractions are to be recovered. The 
distributed tractions are then computed from the finite element displacement 
solution. A version of the consistent recovery technique based on the 
virtual work principle is presented in the next section. 
2.2.2 A Consistent Finite Element Technique for Recovery 
of Distributed Reactions and Surface Tractions 
This section deals with a virtual displacement version of the consis-
tent finite element technique for recovery of tractions reported in [6J. 
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First, a subset of the virtual work equations is used to obtain a displace-
ment solution. Next, this displacement solution is substituted into a 
different subset of the equations to obtain integral equations for the 
tractions acting on a selected surface of the structure. A finite element 
implementation is described in which the surface traction distribution is 
modeled by interpolation functions and corresponding nodal traction para-
meters . The implementation of the technique for eight-node isoparametric 
elements is presented and an example solution is used to demonstrate the 
accuracy of tne method. 
A system subjected to external body force Q and surface traction 2 is 
shown in Figure 2.4. The portion of the surface a on which 2 is prescribed 
is denoted by ape Displacements are prescribed on a portion of the surface 
denoted by aU. A compatible virtual displacement field o~ is imposed on the 
structure system. The principle of virtual work states that 
v 
I L .. IJ oou.lox. dv 1 J (2.33) 
where Pk are components of surface tractions on aU~ There are two sets of 
primary unknowns in (2.33). The first set of unknowns is the displacement 
field, represented on the right hand side by the assumed stress-displacement 
relations; and the second set is the distribution of reaction tractions £ on 
the surface aU. 
A useful form of (2.33) is obtained by restricting the choice of virtu-
al displacement field such that the first integral in (2.33) vanishes. Then 
(2.33) takes the form 
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(2.34) 
o in which 6Uk are components of a virtual displacement field that satisfies 
o 6u = 0 on aU. An approximate finite element displacement solution can be 
obtained from (2.34) in the standard manner. 
In the following the displacement field obtained from (2.34) is used to 
compute the distribution of tractions on a specified surface of the struc-
ture. The portion of the surface on which the traction distribution is 
being investigated is denoted by a*. Note that a* consists of a~ on which 
displacements are prescribed and a~ on which tractions are prescribed. The 
tractions on a~ are distributed reactions and those on a~ are prescribed 
surface tractions. For computational purposes both a~ and a~ are treated 
identically. A compatible virtual displacement field 6~* is imposed on the 
system. Then (2.33) requires that 
I 6u* p* da 
a* k k 
I 1 .. a6u~/ax. dv - I 6u~ Pk da - I 6u~ P bk dv v lJ 1 J a-a* v (2.35) 
where p~ are components of the unknown tractions on a*. To enable direct 
evaluation of the right hand side of (2.35) the virtual displacement field 
is restricted such that either Pk is prescribed or 6U~ = 0 at all points on 
a - a*. The only remaining unknowns are the unknown tractions 2*. 
Equation (2.35) provides the basis for a procedure to recover surface 
tractions from finite element displacement solutions. The first step in the 
recovery technique is the selection of trial functions for the traction 
distribution 2*. The tractions are interpolated in piecewise fashion along 
a* with shape functions such that 
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{p*} (2.36) 
in which [NP] is a matrix of interpolation functions defined for each ele-
ment edge on a* and {~*} is a vector conta~ning nodal traction components. 
The selection of [N P] should reflect the assumed form of the displacement 
solution along a*. Since the tractions are directly related to stresses, 
the order of the trial functions for E* should be one less than the order of 
the displacement shape functions. Consequently, not all displacement nodes 
on a* are included in the traction interpolation functions. 
The next step is the selection of the virtual displacement field 6~*. 
The virtual displacement field in an element with at least one node on a* is 
given by 
{6u*} [N*]{6u*} (2.37) 
where [N*] is a matrix containing interpolation functions defined over the 
element volume and {6u*} is a vector containing nodal virtual displacements 
at nodes with unknown traction components. The shape functions [N*] are 
constructed from the standard displacement shape functions [N], 
[N*] [N][r*] (2.38) 
in which [r*] is a transformation matrix chosen such that [N*] = [NP] on a*. 
This provides consistency with the displacement solution and lead to symmet-
ric equations. If 6u* = 0 at all nodes not on a* and Pk = Pk on all element 
faces immediately adjacent to a*, then the surface integral over a - a* in 
(2.35) can be evaluated directly. This requirement implies that a* cannot 
be selected to have boundaries on the interior of aU. 
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The introduction of (2.36) and (2.37) in (2.35) results in a system of 
simultaneous equations for the unknown nodal traction parameters. 
where 
[FJ{P*} {R*} 
[FJ 
{R*} I J [[B*JT{T} - p[N*JT{b}] dv 
v 
e 
- I I [N*JT{p}da 
a -a* 
e e 
(2.39a) 
(2.39b) 
(2.39c) 
in which [B*J is a matrix containing derivatives of [N*J, {T} is a vector of 
stress components evaluated directly from the stress-displacement relations 
used in the displacement solution, the subscript e indicates element quanti-
ties and the summation symbols denote the assembly of element quantities 
into global equations. {P*} is the global assembled form of {p*}. The 
integrals in (2.39b) and (2.39c) need only be computed for elements having 
nodes on a* since the virtual displacements will be zero in all other ele~ 
mentso The traction distribution is computed by solving (2.39a) for {P*} 
and substituting the results into (2.36). 
Explicit matrices for an eight-node isoparametric element are presented 
next to clarify the above development. A surface segment of a two-
dimensional structure modeled with eight-node isoparametric elements is 
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shown in Figure 2.5. Displacements along each element edge are interpolated 
with the usual quadratic element shape functions. In this case linear trial 
functions are appropriate for the tractions. Consequently, only the two 
corner nodes on each edge are included in,the traction interpolation model. 
The matrix of traction interpolation functions in (2.36) is given by 
[:~ (2.40a) o 
in which 
N~ ~ (1 - ~) 
(2.40b) 
N~ ~ (1 + ~) 
and ~ is a normalized coordinate along the element edge. The transformation 
matrix [r*J in (2.38) is given by 
D 1/2 I 0 1/2 I I o 000 o 0 0 0 ~J (2.40c) 
where [IJ and [OJ are 2x2 identity and null submatrices respectively. The 
{p"*} ,.1" 1 ,,3 ,,3 corresponding nodal traction vector is = {PX Py Px Pyle The shape 
function matrix defining the virtual displacements QU* in (2.37) is 
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o 
[N*J 
o 
1 
- N + 2 2 
(2.40d) 
where N is the standard eight-node element shape function at node a. Note 
a 
( 1) . (1) NP NP that N1 + '2 N2 and '2 N2 + N 3 reduce respecti vel y to 1 and 3 on the 
element edge. The matrix denoted by [B*J in (2.39c) is 
[B*J 
and the stress vector is 
o 
N1,2 + 1/2 N2,2 
N1,1 + 1/2 N2,1 
o 
1/2 N2,2 + N3,2 
1/2 N2 ,1 + N3,1 
(2.40e) 
(2. 40f) 
An example application of the technique is illustrated in Figure 2.6. 
A rectangular structure is clamped along its bottom edge on a rigid founda-
tiona Uniform unit shear force is applied on the top edge. The structure 
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is modeled by eight-node isoparametric elements. The distributions of the 
traction components on the top edge are investigated. The exact solution 
for this problem, Px = 1.0 and Py = 0, is plotted in solid lines. Results 
obtained with the Gauss point extrapolation technique are shown by dashed 
lines. The shear stress at corner A is underestimated since the values of 
the stresses at the Gauss points near the corner are influenced by the 
stress-free vertical edge. An error in the normal traction distribution is 
also evident since the normal tractions are influenced by the bending 
stresses within the structure. Nodal values of the traction components 
computed by the present method with a* taken to be the top edge of the 
structure are plotted as solid dots. Excellent agreement with the exact 
solution is achieved even at the corner A. 
2&2.3 A Finite Element Approach to Stress 
Singularity Problems 
Stress singularities can occur in the mathematical idealization of 
certain structures. Notable examples are the crack tip in a fractured body, 
the vertex of a sharp wedge contacting another elastic body, and sharp 
reentrant corners. Analytical solutions to singularities at the vertex of a 
sector plate subjected to in-plane tension are given by Williams [13J. 
Stress singularities in the problem of two materially dissimilar wedges 
bonded on a common edge and subjected to traction forces on the other edges 
are investigated by Bogy [14J and Dundurs [15J. 
Several finite element techniques have been successfully used to model 
singular problems. One technique employs a highly refined mesh of conven-
tional elements around the singularity. This approach can be implemented 
with standard finite element codes but requires a large number of elements 
[16J. Another technique involves modification of the element shape func-
tions to simulate stress singularities [17,18,19J. With this method a 
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relati vely coarse mesh can be used. However, elements with special shape 
functions often fail the patch test. In another approach quadratic isopara-
metric elements are used, with the locations of the side nodes adjusted 
between the quarter- and mid-points [20,21,22J to reflect the stress singu-
larity. 
This section presents a modification of the recovery procedure outlined 
in the preceding section to account for singularities in the surface trac-
tions. Quarter-point isoparametric elements are used to simulate stress 
singularities within the structure. The trial functions for the surface 
tractions in (2.36) are modified such that 
{p*} (2.41) 
where kP is a scalar function of position used to simulate the singularity 
in the tractions. Note that the nodal parameters no longer represent di-
rectly the values of the traction components at the nodes. 
The influence of the singularity factor kP is demonstrated by the 
analysiS problem shown in Figure 2.7. A rigid punch with width 2b indents 
an elastic half space. Perfect stick is assumed along the contact surface 
between the punch and the elastic body. The stress singularity for this 
problem is of order (b-x)-0~5[14J.. The problem is analyzed for a vertical 
load 2P applied to the punch, using quarter-point singular isoparametric 
elements. A relati vely coarse element grid is used in the region distant 
from the contact surface. Six-node triangular isoparametric elements are 
used to provide a smooth transition between regions with coarse and fine 
meshes. The recovery technique is applied with two alternative choices for 
kP , and the distributions of normalized contact stress are plotted in Fig-
ure 2.8 and compared with the analytic solution given in [23J. In the first 
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case, kP is taken to be unity. The traction distributions, shown as dashed 
lines, oscillate around the analytic solution. In the second case the 
singular form is introduced by choosing kP = (b_x)-O~5. Good agreement with 
the analytic solution is obtained even with a relatively coarse mesh. 
2.3 Sensitivity of Surface Tractions to Finite Element Grid Changes 
This section presents a method to estimate the sensitivity of computed 
surface tractions to changes in finite element grid geometry. As noted in 
Section 2.1.5, the Eulerian displacement components represent changes in 
grid geometry. The changes in distributed reactions induced by perturba-
tions in the grid geometry can be expressed in linearized form using the 
consistent traction recovery technique of Section 2.2.2. Section 2.3.1 
provides details of the formulation. Applications of the sensitivity equa-
tions are discussed in Section 2.3.2. 
2.3.1 Formulation of the Sensitivity of Computed Surface Tractions 
to Changes in Grid Geometry 
The virtual work statement in (2.35) written in the reference configu-
ration for mesh geometry n + 1 is 
in which 
ou~ 
1,S 
(2.42a) 
(2.42b) 
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As noted in Section 2.2.2, the integrals in (2.42a) are computed only for 
elements possessing nodes on the surface a*. The selection of a* is also 
discussed in Section 2.2.2. The virtual work equation (2.42a) expanded in 
incremental form about mesh geometry n and considering (2.35) is given by 
+ H.O.T. (2.43) 
where H.O.T. represents nonlinear terms in the incremental coordinate 
changes and ~L(p~) represents linearized increments of the computed trac-
L L tions. ~ (Pk) and ~ (b k) represent changes in the intensities of external 
loads acting at fixed reference coordinates xr due to changes in the grid 
geometry ~~(~r). Note that ~L(W~) is obtained by substitution of the virtu-
al displacements o~* in (2.29). 
Introduction of finite element interpolation models as in Sec-
tion 2.2.2, truncation of the nonlinear terms in (2.43) and consideration of 
arbitrary virtual displacement produces an approximate incremental matrix 
expression for the tractions on a*, 
(2.44a) 
where 
[A *] 1 
[A*] 2 
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(2.44b) 
(2.44c) 
(2.44d) 
in which the subscript e denotes an element quantity. {~P*} is the global 
L 
matrix form of increments of computed nodal traction components ~ (p~)~ 
Note that [r*] is a null matrix for an element not having nodes on a*. The 
e 
term [Ai] {~x I ~X} represents the first four integrals on the right hand 
side of (2.43) and is obtained by the application of the virtual work equa-
tions (2.28). The last two integrals in (2.43) are represented by [A~] 
{~x I ~X} in (2.44d) in which the matrix forms 
[0 I r ] {~x ~X} pe e e (2.44e) 
(2.44f) 
have been used. [r ] and [r b ] are problem-dependent matrices expressing pe e 
linearized changes in the element load functions induced by mesh motion. 
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Specif i c forms for [r ] useful in adapti ve analysis procedures for fri c-pe 
tional contact problems are given in Chapter 4. The solution of (2.44a) for 
{L1P*} is 
{[~P* } (2.45a) 
where 
(2.45b) 
In the next step, an estimate of the incremental displacement vector 
{L1x} in (2.45a) associated with prescribed changes in the mesh geometry {L1X} 
is obtained from (2.31). 
expressed as 
U~R } 
x 
The incremental load vector {L1R } due to {L1X} is 
x . 
(2.46) 
in which erR] is a problem-dependent matrix. 
The upper partition of (2.31) can be solved for {L1x} in terms of {L1X}. The 
complete incremental displacement vector in (2.45a) is then given by 
L1X {-} (2.47a) 
L1X 
in which 
40 
(2.47b) 
an d [ I ] is the i den tit Y mat r i x . The i n t rod u c t ion 0 f (2 . 47 a) i n (2. 45 a ) 
produces a system of linearized equations for the increments of the traction 
parameters, 
{llP*} (2.48) 
where 
Cap] (2.49) 
Note that Cap] is the sensitivity matrix for the traction coefficients in 
terms of the mesh motion, i.e., ap 0 = a(p*)n+1/allXoo 
a~ a ~. 
The next section discusses the applications of the sensitivity equa-
tions to analysis in solid mechanics problems. 
2.3.2 Applications of the Sensitivity Equations 
to Analysis in Solid Mechanics 
The sensitivity equations derived in Section 2.3.1 are useful in the 
analysis of several solid mechanics problems. Chapter 3 presents frictional 
contact problems in which the locations of the contact zones can change 
during deformation. If the finite element method is used, accurate modeling 
of the stress and displacement boundary conditions on the contact surface 
requires that element boundaries coincide with the transition contours 
between contact zones. This is because abrupt changes in boundary condi-
tions cannot be accommodated within an element due to the smooth nature of 
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displacement shape functions. The adaptive capability of the mixed 
Eulerian-Lagrangian model can be used to model moving boundary problems. 
The sensitivity equ-ations are used to determine the Eulerian changes in grid 
geometry needed to satisfy the stress criteria associated with the true 
locations of the transition contours. Details of this application are fully 
developed in Chapter 4. 
Another application involves the shape optimization of structures 
subject to optimality criteria and/or constraints involving reaction 
stresses. Eulerian displacements can be used to express variations in the 
structure geometry. The sensitivity equations predict the resulting changes 
in the reactions. This information can then be used in an optimization 
procedure to minimize or limit the reactions using the Eulerian displace-
ments as shape design parameters. 
2.4 Chapter Summary 
Formulations of three computational techniques applicable to a variety 
of solid mechanics problems hav,e been derived in this chapter. The formula-
tions have been presented in general form to emphasize their applicability 
to a variety of engineering applications. Applications of the techniques to 
large-deformation frictional contact problems are given in Chapters 3 and 4. 
First, the mixed Eulerian-Lagrangian description in Section 2.1 is used to 
model relative slip at the contact surface. The consistent finite element 
technique for recovery of distributed reactions and surface tractions in 
Section 2.2 is used to estimate the contact stresses during the determina-
tion of the contact zone topology. The sensitivity equations in Section 2.3 
are used in an i terati ve procedure descri bed in Chapter 4 to determi ne the 
precise locations of the transitions between contact zones. 
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CHAPTER 3 
ANALYSIS OF LARGE-DEFORMATION FRICTIONAL CONTACT 
This chapter deals with the analysis of frictional contact problems. 
Section 3.1 presents a general mixed boundary value problem associated with 
elastodynamic contact problems. A new topological description of the con-
tact kinematic constraints is given in Section 3.1.1. The concept of tran-
sition contours between contact zones is introduced in Section 3.1.3 fol-
lowed by a classification of contact problems. Analysis procedures for 
contact problems are reviewed in Section 3.2. A new algorithm for general 
contact problems is presented in Section 3.3. A parametric representation 
of general contact surface geometries is given in Section 3.3.1. The role 
of the mixed Eulerian-Lagrangian description in the algorithm and finite 
element implementation are described in Sections 3.3.2 and 3.3.3. A summary 
of the new contact algorithm is presented in Section 3.3.3 followed by 
numerical examples in Section 3.4. The chapter concludes with a discussion 
of the new algorithm in Section 3.5. 
3.1 Frictional Contact - A Mixed Boundary Value Problem 
This section presents a general statement of a mixed boundary value 
problem describing contact between deformable bodies. Section 3.1.1 pro-
vides a review of the three possible modes of behavior in the vicinity of 
the contact surface; namely stick, slip and separation. The statement of 
the mixed boundary value problem is formulated in Section 3.1.2. In addi-
tion to the governing equilibrium equations and prescribed boundary condi-
tions, the statement includes special stress and displacement boundary 
conditions on the candidate contact surface associated with the three possi-
ble contact modes. The concept of transition contours between contact zones 
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is developed in Section 3.1.3. A classifi,cation of contact problems is 
given in Section 3.1.4. 
3.1.1 General Discussion of Frictional Contact 
This section presents a general description of frictional contact 
problems. The description includes geometric compatibility conditions 
between contacting bodies in the region of contact. Three types of zones in 
the region of contact exhibiting different types of behavior, namely stick, 
slip and separation, are identified. A classification of contact problems 
based on the progressive development of the contact region is given. 
A contact problem between two elastic bodies is depicted in Figure 3.1. 
The closed material volumes of the two bodies, V1 and,V2, are bounded by the 
surfaces denoted by A1 and A2 in the initial configuration. The portions of 
- 0 0 
the surfaces denoted by Ac1 and Ac2 are regions on which the two bodies 
initially are in contact. o Note that A 
co. 
o if the bodies are initially 
completely separated. The two bodies displace to deformed configurations at 
t time t and are in contact along their respective surfaces a Co. The current 
t t 
volumes of the bodies are denoted by v 1 and v2" The undeformed surfaces 
that map onto a~1 and a~2 are denoted by A~1 and A~2 and are constrained 
such that 
A ; a. == 1,2 
a. 
at all stages of the deformation. 
Next, speCial conditions related to contact b~tween two bodies are 
given. First, no interpenetration is allowed between the two bodies at any 
stage of deformation. This condition is expressed by 
t 
a 
c 
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(3.2) 
where at is the contact surface at time t. Compatibility conditions for the 
c 
bodies must be maintained so that 
t 
a 
c 
(3.3) 
The above topological description of the constraint against interpene-
tration provides a convenient alternative for modeling contact to the usual 
approach of inequality displacement constraints based on an initial separa-
tion distance. The topological description avoids difficulties in defining 
the displacement constraints in the presence of large deformation and finite 
slip. Significantly, the topological description leads to a variational 
equality, rather than the more difficult variational inequality problem 
produced by the displacement constraint approach. The convenient features 
of the topological description and its direct implementation using the 
Eulerian-Lagrangian description are discussed further in Section 3.3. 
A classification of contact behavior based on the development of the 
contact region is shown in Figure 3.1. The contact is called receding if 
At C A ° , eI. :: 1 ,2. 
cel. Cel. 
contained in AO . 
cel. 
t This means that all material particles on a are 
Cel. 
The contact is stationary if At 
Cel. 
AO. Otherwise, the 
Cel. 
contact is called advancing. 
In the region of contact, frictional stresses generally develop between 
the two bodies in the plane tangent to the contact surface. There are two 
possible modes of friction behavior in the contact region. In the stick 
region, the magnitude of the frictional stress is less than a critical value 
determined by the magnitude of the normal stress and an appropriate theory 
of frictional behavior. t t The contact surfaces a
c1 and ac2 displace with the 
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same velocity such that geometrical compatibility between the two bodies is 
maintained. In the slip region, a~1 and a~2 displace with the same velocity 
in the normal dirBction, but with independent velocities in the directions 
tangent to the contact surface. Also, the magnitudes of the frictional 
stresses are equal to the limiting values determined from the friction 
theory and act in the direction opposite to the tangential relative velocity 
between the bodies. 
The next section presents the formulation of a mixed boundary value 
problem associated with frictional contact behavior. 
3.1.2 A Mixed Boundary Value Problem for Frictional Contact 
This section provides a general statement of. a mixed boundary value 
problem associated with the analysis of frictional contact between bodies. 
Special equilibrium and geometric compatibility conditions between bodies in 
the region of contact are given in addition to the usual governing equili-
brium equations and displacement and stress boundary conditions. 
For convenience, a local coordinate system consisting of axes normal 
and tangent to the contact region is established for each point on the 
surface as shown in Figure 3.2. First, a unit vector fi in the direction 
normal to each contact surface, is provided. In addition, a pair of mutual-
ly orthogonal basis vectors, ~1 and ~2' are chosen in the tangent plane of 
, 1 2 
each contact surface such that e. - e., in which the superscripts indicate 
-1 -1 
bodies 1 and 2 respectively. The traction vector E exerted at a point on 
the contact surface is resolved into normal and tangential component vectors 
EN and 2T such that 
C3.4a) 
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C 3. 4b ) 
C3.4c) 
A general elastodynamic problem associated with the system shown in 
Figure 3.1 is to find a displacement field ~Ct) that satisfies the governing 
equilibrium equations, 
t 
T ... lJ ,J 
boundary conditions 
u. C t) 
1 
t in v , 
t t - t 
T.. n. === p. C t) on a p lJ J 1 
and initial conditions 
u. CO) 
1 
u. CO) 
1 
o 
U. 
1 
u! 
1 
C3.5) 
C3.6a) 
C3.6b) 
C3.7a) 
C3.7b) 
where pt is the mass density at time t, U. Ct) are components of prescribed 
1 
t - t 0 displacements on aU' PiCt) are components of prescribed traction on a p' ui 
and uI are respectively components of initial displacement and velocity 
fields. The operator CO) denotes the material time derivative 0 Additional 
conditions that the stress and displacement solutions must satisfy in the 
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vicinity of the contact surface of each body are given next. In separation 
regions, the conditions are 
0, and ET o (3.8) 
assuming that no external tractions ,are present. In stick regions, the 
conditions are 
PN < 0; I I ET I I ~ f; and ~N ~T o 
The conditions for slip regions are 
- f and QN 
r I ~T II 
o 
The vectors ~N and QT in (3.9) and (3.10) represent the relative velocity 
between the bodies in the normal and tangential directions. 
• 1 
~N 
• 2 
- u 
-N 
e 2 
- u 
-T 
(3.11a) 
(3.11b) 
The superscripts 1 and 2 refer to contacting material pOints on the contact 
surfaces of the two bodies. The positive scalar f is the limiting friction 
stress magnitude given by the friction law. 
The equilibrium and geometric compatibility conditions between the two 
bodies on the contact surface are given next. For stick regions, equili-
brium and the absence of relative velocity between the bodies require that 
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(3.12) 
p ~a = PTa and II ET II ~ f; a 1 ,2 
o (3.14) 
and 
o (3.15) 
In slip regions, equilibrium and the presence of relative tangential veloci-
ty between the bodies require that 
(3".16) 
- f a = 1,2 
and 
o (3.18) 
Note that (3.18) prevents interpenetration of the bodies (equivalent to 
(3.2) and (3.3» and the presence of YT allows relative slip between the two 
bodies along the contact surface. For separation regions, the surfaces may 
be considered part of the regions at where the tractions are prescribed. p . 
1 -1 
E- = E- (3.19a) 
2 -2 
2 = 2 
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(3.19b) 
The geometric compati bili ty condi tions are. no longer acti ve and the two 
bodies displace independently. The contact conditions (3.12) through (3.19) 
are summarized in Table 3.1. Equations and boundary conditions in (3.5) 
through (3.19) constitute an elastodynamic mixed boundary value problem for 
frictional contact between two bodies. 
The next section introduces the concept of transition contours which 
separate zones of different contact behavior. 
3.1.3 Transition Contours Between Contact Zones 
A transition contour is defined by the location of a continuous set of 
material particles on the current configuration of the contact surface at 
the interface between two zones of different contact behavior. The determi-
nation of the transition contour locations is an essential part of the 
solution process, particularly when a discrete solution method, such as 
finite elements, is employed. 
Transition contours between stick and slip regions consist of pOints at 
the edge of a stick region at which the magnitude of the frictional stress 
is equal to the limiting value given by the friction laws The traction 
criterion for identifying a stick-slip transition contour is therefore 
II 2T II f (3.20) 
and the displacement conditions are given by (3.14) and (3.15). Transition 
contours between contact and separation regions occur at edges of the con-
tact zone where normal stresses attain a zero value. The criterion for 
identifying a contact-separation transition contour is therefore 
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o (3.21 ) 
and the displacement conditions are given either by (3.14) and (3.15) or by 
(3.18). 
The application of the transition criteria in numerical solutions of 
contact problems is described in Chapter 4. The next section presents a 
classification of contact problems based on the choice of frictional law. 
3.1.4 Contact Problem Classification by Assumed Friction Law 
This section provides a classification of general contact problems 
based on the presence or absence of friction. This classification is useful 
to qualitatively predict the contact behavior and to select an appropriate 
method of solution. 
Contact problems can be divided into two classes, namely frictional and 
frictionless cases. The frictional case is subdivided according to the 
assumed friction law. In one subclass, the Amontons-Coulomb law [24,25J is 
used. This friction law is applied locally to determine the limiting fric-
tional stress exerted on a pair of contacting points on the contact surface . 
.. 
~T 
- llP 
N II ~T II (3.22) 
The symbol II denotes the coefficient of friction, reflecting the roughness 
of the contact surface. This classical friction law is applied with the 
assumption that the effect of asperities on the contact surface is negligi-
ble [26J. A perfectly rigid stick-sliding condition is assumed on the 
contact surface such that no slip occurs between two contacting points if 
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the frictional stress remains below the limiting value given by the friction 
law. 
In non-classi"cal friction problems, the limiting friction stress is 
determined by some means other than the Amontons-Coulomb relation. For 
example, a friction law proposed by Oden and Pires [27J considers the effect 
of asperities on the contact surfaces on the friction capacity. This fric-
tion law assumes an elastic-perfectly plastic stick-sliding condition on the 
contact surface. The limiting frictional stress exerted on a pair of con-
tact points is expressed by 
. 
~T 
II ~T II 
where v is a positive constant representing the roughness of the contact 
surface and ~T is the tangential relative displacement between a pair of 
contacting particles. S is a function provided to model the effect of the p 
deformation of asperities on the region within a radius p from a given 
contact point. 
where 
w (r) p 
For example, one choice of S is given by p 
J 
a 
c 
222 
c exp (p f(r -p)) if r ~ p 
o if r > p 
(3.24a) 
(3.24b) 
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in which r is the radius from the given contact point to a location on the 
contact surface a and c is a constant normalizing the symmetric kernel w • 
c p_ 
The function ~ represents the elastic-perfectly plastic stick-sliding 
€ 
conditions on the contact surface. One choice of ~ is given by 
€ 
if ~T > € ~€ (I ~T I) 
~T 1 I € if ~T 
(3.25) 
in which € is a parameter related to the maximum deformation of the asperi-
ties prior to the onset of sliding. Further examples of choices of Sand p 
~ are discussed in [27J. The classical friction law is recovered if p and 
€ 
€ are set to zero with w (r) taken to be the Dirac delta 'function. p 
The presence of the frictional stresses on the slip region complicates 
the analysis problem., First, the frictional stresses are non-conservative 
forces which generally produce history-dependent contact behavior. Second-
ly, the interaction between the frictional and normal stresses in the vicin-
ityof slip region amplifies the nonlinearity of the problem. An incremen-
tal solution procedure is generally required to produce reliable results 
[28,29,30,31J. In the frictionless case, the absence of friction signifi-
cantly simplifies the analysis since the complicating factors mentioned 
above are eliminated. 
Frictional and frictionless problems can each be divided into two 
subclasses, namely receding and advancing contact problems as described in 
Section 3.1.1. The special properties of frictionless receding contact 
problems are given by Dundurs [32J. 
The next section presents a literature survey on analysis procedures 
for contact problems. 
University of Illinois 
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3.2 Survey of Analysis Procedures for Contact Problems 
The analysis of contact problems can be traced back to the work of 
Hertz [33J. Since then numerous solutions have been reported. Extensive 
literature surveys - among others - are given by Kalker [34,35J, Deresiewicz 
[36J and Gladwell [37J. 
The analysis procedures of contact problems can be classified into two 
categories: the classical and numerical analysis procedures. The classical 
method is generally used for time-independent contact problems which require 
consideration of only the final loading stage. In the classical method, 
analytic solutions to the governing equilibrium equations and prescribed 
boundary conditions in (3.5) through (3.7) are determined. The stress and 
displacement boundary conditions in (3.8) through (3.10) are treated as 
special conditions and satisfied by determining a set of parameters chosen 
to define an assumed contact zone topology. The classical method often 
requires substantial idealization of realistic contact problems. For exam-
pIe, the analysis reported by Hertz is based on the assumption that the 
surface geometry of the contacting bodies can be represented by quadratic 
functions. A frictionless contact problem involving an elastic body resting 
on a rigid foundation is analyzed by Civelek and Erdogan [38,39J and Gecit 
[40J. A frictional contact problem between a rigid stamp and an elastic 
half space is reported by Mushkelishvili [23J, Galin [41 J, Keer [42J, Spence 
[43J and Turner [44J. Analyses of frictionless problems in viscoelasticity 
are given by Lee and Radok [45J. 
The presence of complicating factors such as surface geometric complex-
ity, large deformation, finite slip, and material nonlinearity makes the 
application of the classical methods more difficult. Numerical methods 
offer an attractive alternative, particularly for incremental analyses of 
history-dependent behavior. Several researchers have used finite difference 
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models [46,47,48,49J. A variety of finite element techniques have been 
applied to contact analysis. One approach uses a special variational prin-
ciple as the basis of the formulation. In this method the conditions (3.8) 
through (3.10) result in a variational inequality [50Je The inequality form 
distinguishes this method from conventional variational methods and makes 
the solution procedure more difficult. In contrast to classical methods, 
the contact zone topology is obtained as part of the solution. This ap-
proach was first used by Signorini and Fichera for frictionless elastostatic 
contact problems, followed by several others [51,52,53,54J. The method is 
extended to elastic-plastic rigid punch problems by Kikuchi and Skalski [55J 
and to frictional contact problems in elastodynamics and viscoelastodynamics 
by Duvaut and Lions [50Je Other techniques use interface finite elements 
[28,29,30,31J and mixed and assumed-stress hybrid elements [56,57J. 
Difficulties generally arise when a conventional Lagrangian displ~ce­
ment model is used in the finite element analysis of contact problems. 
Since the contact zone topology is generally not known at the time the mesh 
geometry is chosen, a highly refined grid is required to locate accurately 
the contact zones. Finite slip is another complicating factor. The fric-
tion equilibrium conditions for two particles initially in contact are no 
longer valid after the points are separated by finite slip. This causes 
problems in Lagrangian finite element models since the contact stresses are 
transferred across the contact surface by node pairs which must separate 
during finite slip. 
The next section presents a convenient finite element analysis proce-
dure for frictional contact problems based on the mixed Eulerian-Lagrangian 
description. Several of the difficulties inherent to Lagrangian contact 
models are circumvented. 
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3.3 A Finite Element Approach to Frictional Contact Analysis 
This section presents a general finite element procedure for contact 
analysis based on the mixed Eulerian-Lagrangian description. Section 3.3.1 
describes a parametric representation of general contact surface geometries. 
The use of the E.L.D. to implement the topological description of the con-
tact kinematic constraints is discussed in Section 3.3.2. A finite element 
version of the method and the implementation of the model in a general 
contact algorithm are presented in Section 3.3.3. 
3.3.1 Parametric Representation of General Contact Surface Geometries 
Irregular surface geometry is one of the complicating factors in con-
tact analysis. Classical methods are used in the analysis of contact prob-
lems involving regular initial and deformed contact surface geometries. The 
curvature of deformation of the contact surface is assumed to be small 
compared with the curvature of the initial geometry. In cases with irregu-
larly shaped contact surfaces and large deformation, an analysis based on a 
discretized model is more tractible. However, the use of a discretized 
model in a contact analysis requires special attention to the representation 
of the contact surface geometriese The continuity of the contact surface 
geometry should be modeled correctly at all stages of deformation. 
As an illustration, consider a rigid bar indenting an elastic layer as 
shown in Figure 3.3. After deformation, the initial surface denoted by 
segments AB and BC have displaced and mapped onto segments ab and bc re-
spectively. The functions defining both the initial and deformed geometries 
must be capable of representing C, continuity within' surface segments AB, 
Be, ab and bc and should also model slope discontinuity at point b. 
There are several instances in contact analysis procedures where it is 
necessary to determine directions tangent to the contact surface. For 
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example, it is necessary to define Eulerian displacement directions for 
nodes on the contact surface. The tangent directions at a node cannot be 
determined uniquely from Co isoparametric element shape functions. There-
fore a C1 continuous geometry model of the contact surface is desirable in 
addition to the finite element model. 
The smoothness of shape functions within elements requires that an 
element boundary be located at point b to model properly the C1 geometry 
discontinuity. This poses a problem since the location of the material 
particle B that maps onto b is not known at the time the mesh geometry is 
chosen. Furthermore, the location B will vary continuously for time-depen~ 
dent sol utions. 
This section presents a parametric representation of general contact 
surface geometries that satisfies the continuity requirements discussed 
above. The representation is based on the interpolation of discrete data 
describing the contact surface geometry. In the present study, cubic B-
spline functions are used to represent both the initial and the deformed 
surface geometries. 
a. r 11t+.. (x ) 
'1'1 -
a. r a. r t+..(x ,t+l1t) - <p.(x ,t) 
'1'1 - 1 -
(3.26a) 
(3.26b) 
(3.26c) 
a. a. Summations on Y and 0 are implied in (3.26), where <P 1Y and <P20 are the 
values of parametric coordinates at fixed intervals on a rectangular (y x 0) 
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parametric grid that maps onto the actual surface, ~YO(¢~,¢~) are the B-
spline weighting functions and ~a(¢~y,¢~o) and ~a(¢~y'¢~o)- denote the coor-
dinates of the vertices of the controlling graphs defining the initial and 
deformed configurations respectively. The vertices are positioned so that 
the corresponding spline patch passes through the discrete data points used 
to define the initial and current configurations of the contact surface. 
The parametric B-spline-function representations are used to model a portion 
of the surface which is extended beyond all possible contact zones and which 
is considered as the candidate contact region. Discontinuity conditions can 
be modeled conveniently by the use of coincident vertices. Details of B-
spline techniques are given in [58,59,60,61,62,63J. 
An incremental model of contact between two elastic bodies is depicted 
in Figure 3.4. The application of a load increment results in changes in 
the locations of both the undeformed and deformed contact zones. - At time 
t+~t the two bodies are in contact on the new regions a~;~t and a~;~t A 
special Eulerian-Lagrangian deformation approach to describe the kinematics 
associated with the incremental contact model is given next. First, the 
changes in the geometry of the deformed contact surface are modeled by the 
r incremental change of the current position vector associated with a fixed x 
given by 
a r a r 
x (~,t+~t) - x (~,t) 
The deformations due to the incremental loads result in changes in the 
t t+~t 
undeformed configurations of the contact zones from Ac to A . Note that 
a Co. 
A t+~t is associated wi th a new set of material particles. This fact, in 
Ca 
addition to the condition in (3.1), requires the selection of a set of 
r 
special Eulerian degrees of freedom such that the mapping of locations x on 
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the contact surface to the undeformed configuration are constrained to 
remain on the surface A. This can be accomplished by representing the 
a 
undeformed surface with a fixed spline model, as given in (3.26a), within an 
incremental step. The change in the set of material particles from At to Ca 
At+~t is introduced by incremental changes ~~a(~r) as given in (3.26d). The 
Ca 
incremental changes in the parametric coordinates generate corresponding 
incremental changes in the undeformed coordinates. 
(3.28) 
This model provides constrained Eulerian motion on the contact surface which 
maintains the integrity of the initial geometry of the surface and enforces 
the condition required in (3.1). 
In addition to the conditions relating to the undeformed geometry, 
there are constraints on the Eulerian motion relating to the deformed con-
tact geometry. Specifically, these relate to maintaining compatibility 
across the contact interface under slip and stick conditions and special 
requirements for the adaptive analysis method discussed in Chapter 4. These 
conditions are best described using an arc-length coordinate system with 
position vectors ~a imposed on each deformed candidate contact surface at 
time t, as shown in Figure 3.5. Incremental Eulerian motion is now de-
scribed by incremental changes ~~a(~r). The incremental degrees of freedom 
~sa are converted into incremental changes in the spline parametric coor-
dinates using the spline model of the deformed surface at time t in (3.26b). 
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r ~ ,t 
in which the superscript ~r,t indicates that the quantity in brackets is to 
be evaluated at time t at reference location xr. The increments ~2a(~r) can 
in turn be converted into increments ~~a(~r). 
r ~ , t 
a r ~t (~ ) + H. O. T. 
The linear portions of (3.29) and (3.30) are combined to obtain linearized 
expressions for ~~a(~r) in terms of the arc length increments ~~a(~r). 
These linearized relations are used to obtain tangent stiffness relations to 
predict the increments ~~a. Once a value for ~~a(~r) is computed, the 
spline model (3.26b) is used to find the exact increment ~~a(~r) and (3.28) 
a r is used to compute the exact change in the undeformed coordinate ~~ (~ ). 
In some applications, it is convenient to decompose the incremental 
changes ~~~ and ~~2 at a pair of contacting points on the deformed surface 
such that 
~s + (8 - 1) ~~ (3.31a) 
~s + 8 ~s (3.31b) 
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in which e is a prescribed constant, ° ~ e ~ 1.0, and ~S and ~s are two 
independent incremental arc length degrees of freedom at each location xr on 
the contact surface. The application of the decomposition scheme given in 
(3.31) to modeling frictional contact problems is discussed in the next 
section. 
3.3.2 Frictional Contact Model Using the Eulerian-Lagrangian Description 
This section presents modeling of large-deformation frictional contact 
problems. A general model applicable to analysis based on either an incre-
mental or a total loading approach is given. In this model, an incremental 
step is approximated by a quasi-static process and the relative velocities 
between contacting bodies along the contact surfaces are obtained by finite 
difference expressions based on the relative incremental displacements. The 
equilibrium and geometrical compatibility conditions on the contact surface 
are conveniently modeled using the Eulerian-Lagrangian kinematic model. 
The use of the generalized degrees of freedom described in Section 
3.3.1 to model frictional contact problems is given next. The coincidence 
t t 
of the contact surfaces a
c1 and ac2 specified in (3.3) is modeled by assign-
ing the same current and incremental position vectors to each contacting 
pair of material points. 
1 r 2 r 
x (~,t) x (~,t) 
Additional constraints associated with the three contact modes are given 
next. The incremental quantities ~~ and ~s in (3.31) are selected to repre-
sent respectively the remeshing and the relative slip degrees of freedom at 
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each pair of material points on the contact surface. The remeshing degree 
of fr eedom ll~ is us ed in the adapt i ve analysis scheme descri bed in Chap-
ter 4. If no mesh adjustment is used IlS is prescribed to be zero. In stick 
regions, the conditions in (3.14) and (3.15) are modeled by applying con-
straints such that 
r lls (~ ) o (3.34) 
in addition to (3.32) and (3.33). This prevents relative motion between 
contacting material particles. In slip regions, condition in (3.18) is 
simulated by activating ll~ (~r) and by selecting a value for e in (3.31). 
This introduces a degree of freedom for relative slip motion between materi-
al particles at the contact interface corresponding to the extra equilibrium 
equation provided by the friction law (3.22) or (3.23). For separation 
regions, the bodies may displace independently and no displacement con-
straints are needed. Lagrangian displacements ll~a are assigned to the 
points on the contact surface, lls is zero or controlled by the remeshing 
algorithm and IlS is zero. 
The above model represents a direct and convenient implementation of 
the topological description of the contact kinematic constraints. Inter-
penetration of contacting bodies is prevented simply by assigning the same 
position vectors for points on the contact surface in the current configura-
tion as in (3.32) and (3.33). The new contact model uses degrees of freedom 
ll~ to model finite slip between bodies. Since all degrees of freedom are 
reversible the complexities of unilateral displacement constraints are 
avoided. 
The stress conditions between contacting bodies are modeled by intro-
ducing variational displacements o~a and o~a on the contact surfaces. In 
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stick regions, the equality stress conditions in (3.12) and (3.13) are 
ensured by the principle of stationary potential energy with compatible 
variations at each pair of contacting points. 
(3.35) 
This ensures compatible surface tractions between the bodies. The inequal-
ity conditions PN < 0 and IIETII < f are accommodated by a heuristic algo-
rithm described in the next section. Violation of the inequalities indi-
cates that separation or slip will occur and that different treatment of the 
interface boundary condi tions is needed. In other words, it is assumed that 
the inequality constraints are not active on the interior of a properly 
identified stick zone. 
In slip regions, in addition to (3.35), a supplemental equilibrium 
equation is generated by incompatible tangential displacement variations o~~ 
at each pair of contacting points; 
oX 1 (x_r) 
-T 
ox2 
-T (~r ) 
(8 -1) 
ax2 
r ~ ,t 
8 
a~2 
r ~ ,t 
oS (3.36a) 
a~2 r ~ ,t 
oS (3.36b) 
as
2 
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in which o~~ represent variations of the undeformed material positions 
associated with a contact location in the current configuration correspond-
ing to a relative slip variation o~. The contacting surfaces at a slip 
interface are treated as locations of prescribed tangential surface traction 
according to (3.17). This together with the variational equilibrium equa-
tion generated by (3.36) enforces satisfaction of the friction law and 
provides the extra equation needed to solve for the slip degree of freedom 
~s. Note that the normal tractions are treated as unknowns, and that no 
variation of relative normal displacement between the contacting bodies are 
considered. Since ET in (3.17) depends on the unknown displacement solution 
and the unknown normal tractions, it is generally necessary to prescribe an 
estimate of ET within the context of an iterative solution schemee An 
appropriate iteration scheme is described in the next section. Again, the 
inequality in (3.16) is treated heuristically. 
In separation regions, the conditions in (3.19) are modeled in the 
usual fashion by prescribing tractions Qa and providing independent varia-
tional displacements o~a at each point on each surface. 
3.3.3 A Finite Element Contact Algorithm 
This section presents a finite element implementation of the frictional 
contact model described in the previous section. The algorithm presented in 
this chapter does not include adaptive meshing capabilities, and therefore 
the accuracy to which the various contact zones are located depends on the 
degree of grid refinement used. An extension of the method to include 
adaptive remeshing is presented in Chapter 4. 
The extent of the contact surfaces are generally not known at the time 
the finite element grid is chosen. The analyst must select candidate con-
tact surfaces on each of the bodies such that these surfaces include all 
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material particles which might come in contact at any stage of deformation. 
The undeformed configuration of the candidate contact surface on body a is 
represented by a spline-function representation (3.26a) that interpolates 
through a Ka x La grid of data points on the known undeformed surface. The 
deformed configuration is represented by a spline (3.26b) that interpolates 
through a Ma x Na grid of data points on the unknown deformed surf ace. A 
convenient surface model is obtained by choosing the data point grids such 
that 
a N ; a 1 ,2 (3.37a) 
(3.37b) 
and selecting the data points to coincide with the deformed and undeformed 
positions of the finite element nodes on the candidate contact surfaces. 
Note that this choice is equivalent to identifying the locations on the 
bodies that will come in contact at the finite element node pairs during the 
increment. This presents no problem in the cases of stationary or receding 
contact behavior. In the case of advancing contact, difficulties may be 
encountered when candidate element faces that were previously in separation 
mode change to a contact mode during an increment. This transfers the 
transi tion contour to a newly created set of node pairs. Special precau-
tions must be taken to ensure that the initial separated positions of the 
nodes are properly aligned to form a node pair after the incremental defor-
mation. This requirement might be difficult to implement in an automatic 
computer code. An effecti ve al ternati ve is to keep the element contact 
modes fixed during an increment and to use the adaptive remeshing capability 
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described in Chapter 4 to model the shift in the transition contour in a 
continuous fashion. 
The next step invol yes the selection of the fini te element discretiza-
tion. The coincidence of the contact surfaces, as required in (3.3), en-
sures geometric compatibility and compatible deformations along the contact 
interfaces. This can be guaranteed by selecting the same number and type of 
elements on either side of the contact interface and by enforcing (3.32) by 
making the deformed positions of corresponding contact nodes coincide. This 
also ensures consistent transfer of tractions across the contact interface 
through the coincident node pairs. 
Next, the kinematic constraints (3.33) and (3.34) are implemented. 
Figure 3.6 depicts the kinematic model for a typical contact node pair. The 
a. a. basic degrees of freedom at the contact node pair are~! and ~~ , and the 
associated incremental global stiffness equation is (2.31). The klnematic 
constraints at a node pair are implemented by constructing linearized rela-
tions between the basic degrees of freedom and a substitute set of special 
degrees of freedom suited to. contact problems. 
[T ] { ~xc 
xs 
~s } 
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0 0 
0 0 
ax
1 a~~ ax 1 a~1 
[ T ] 0 ---- (e - 1) ---- (3.38b) 
xs 1 
as
1 1 1 a~. a2 as 
ax 2 a 2 
- ~ ax
2 a 2 
- ~ 
0 ---- e ---
a~2 as 2 a~ 2 dS 2 
in which ~s and ~s are special Eulerian degrees of freedom corresponding to 
c the decomposition scheme in (3.31) and ~x are common Lagrangian degrees of 
freedom at a contact node pair used to automatically enforce (3.3) and 
(3.33). A global stiffness relation invol ving the special degrees of free-
dom is obtained by applying the constraints (3.38) to (2.31) at each contact 
node pair. The transformed incremental stiffness equations at a node pair 
is 
rK C C K K l r c 1 r i\~ C 1 x x c .... c- ~x x s x s 
x 
K K K ~~ ~R .... (3.39a) 
S c S S S s -s x 
K K K ~s ~R-
c 
s S -s s x s s 
where 
and 
U~R 
- c 
x 
c c 
x x 
S c x 
c 
s x 
[T JT 
xs 
LlR LlR 
K 
c" x s 
K 
S S 
K 
s S 
1 1 
x x 
0 
K 1 1 
X x 
0 
s 
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K 
s s 
0 K 1 1 0 
xX 
K 2 2 0 KX~ x x [TXS J (3.39b) 
0 K 
X1X' 
0 
K 2 2 0 KX~ X x 
Ll~ 2 (3.39c) 
x 
in which {LlR }, {LlR }, and {LlR } are incremental load vectors associated 
- c -", --
x s s 
with the incremental displacement vectors {Ll~c}, {Ll~} and {Ll~} respectively. 
Except in the adaptive algorithm described in Chapter 4, the remeshing 
degrees of freedom Ll~ are prescribed to be zero. The slip degrees of free-
dom Ll~ are set to zero for stick zones as required by (3.34) and for separa-
tion node pairs. They are left active for slip node pairs. 
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The implementation of the traction const~aints in (3.35) and (3.36) is 
described next. The inequality conditions in (3.12), (3.13) and (3.16) 
dealing with the identification of separation, stick and slip zones are 
satisfied by an iterative heuristic approach. The smooth nature of shape 
functions renders finite elements incapable of modeling abrupt changes in 
stress or displacement boundary conditions except across element boundaries. 
Therefore it is best if the transition contours between contact zones coin-
cide with element boundaries and only one contact mode is active on the face 
common to a pair of contacting elements. In a typical iteration an estimate 
of the contact stress distribution is determined using the traction recovery 
technique described in Section 2.2. The contact stresses are sampled at the 
midpoint of each element face on the contact surface. The midpoint trac-
tions are used to determine the contact mode for each element face according 
to the inequality conditions in (3.12), (3.13) and (3.16). In other words, 
the inequality conditions PN < 0 and I I ET I I < 0 are inactive in a properly 
identified stick zone. In a slip zone, the condition PN < 0 is also inac-
tive and the friction stress ET is applied as a prescribed traction force 
based on the current estimate of PN0 
The finite element contact algorithm described above has been imple-
mented in a computer code. Figure 3.7 presents a flow chart aSSOCiated with 
the code. The analysis is initialized by assuming candidate contact surface 
on each body and a condition of full stick along the entire candidate sur-
faces. Iterations based on tangent stiffness solutions are performed until 
convergence is achieved. The convergence criteria include the usual checks 
on equilibrium and displacement. After convergence, the contact tractions 
are recovered by the technique presented in Section 2.2 and are used to 
update the contact mode for each element face according to the decision 
chart shown in Figure 3.8. Appropriate constraints are applied to each 
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contact node pair based on the updated contact modes of the adjacent element 
faces. At transition node pairs between different contact zones, stick 
conditions take precedence over both slip.and separation; and slip condi-
tions take precedence over separation as shown in Figure 3.9. Iterative 
stiffness solutions, based on the new estimate of the contact zones, are 
used to restore equilibrium. This process is represented by the inner loop 
(shown in dashed outlines) in Figure 307. The prescribed friction tractions 
in slip zones are updated at each iteration to satisfy the friction law. 
The process of updating the contact model and restoring equilibrium is 
repeated until there are no changes in the element contact modes. 
The next section presents an example application of the above algo-
rithm. 
3.4 Example Application of the Contact Algorithm 
A two-dimensional contact problem presented in [28J is analyzed to 
demonstrate the application of the present contact algorithm. The struc-
ture, shown in Figure 3.10a, consists of two plates and is subjected to 
distributed pressures over the central portions of the plates. The struc-
ture is modeled by eight-node isoparametric elements. A frictionless case 
of the contact problem is considered first. Due to symmetry, only the 
portion of the structure shown in Figure 3.10b needs to be analyzed. The 
whole surface on which the two plates are initially in contact is taken as 
the candidate contact region and is divided into ten elements. Normalized 
contact stress distributions are plotted in Figure 3.11. The analysis 
predicts a slip zone in the domain of 0 ~ X ~ 1.50 h and a separation zone 
in 1.50 h < X ~ 5.0 h. The presence of tensile normal stresses in the 
vicinity of the transition node indicates that the slip region is overesti-
mated. This error is related to the fact that the element size controls the 
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resolution to which the location of the transition point is determined 
unless the adaptive analysis procedure in Chapter 4 is used. The tensile 
normal stresses develop in order to maintain overall equilibrium in the 
vertical direction. The normal stress distribution oscillates around the 
true distribution in the separation zone due to the incorrect location of 
the transition point between the slip and separation zones. 
Next, a frictional case is considered. The same portion of the struc-
ture used in the previous example is analyzed. The candidate contact sur-
face is divided into twenty elements. A stick region develops in the domain 
of 0 ~ X ~ 0.50 h, followed by a slip zone in the domain 0.5 h < X ~ 1.75 h. 
The rest of the surface is in separation. The presence of a region in the 
vicinity of the stick-slip transition node where the frictional stresses 
exceed the limiting values given by the Amontons-Coulomb friction law demon-
strates that the extent of the stick region is overestimated. Tensile 
normal stresses develop in the vicinity of the slip-separation transition 
node, indicating that the node does not coincide with the true slip-
separation transition point. The distributions of the contact stresses also 
oscillate around the correct values in the separation zone due to the error 
in the locations of the transition points. An improved analysis of this 
structure, based on the adaptive analysis scheme for locating the contact 
mode transitions, will be presented in Chapter 4. Mesh refinement provides 
an alternative, but more expensive, approach to improving the accuracy of 
the solution. 
3.5 Chapter Summary 
A new finite element algorithm for frictional contact problems has been 
presented. The new topological description of contact kinematic constraints 
presented in Section 3.1.1 provides a convenient basis for modeling contact 
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problems. The new contact algorithm developed in Section 3.3 uses the 
Eulerian-Lagrangian kinematic description and the surface traction recovery 
technique described in Section 2.2 to implem~nt the special displacement and 
stress constraints along the contact surface. The example analysis in 
Section 3.4 demonstrates the need for an accurate determination of the 
locations of the transition contours between contact zones. A drawback of 
the algorithm described in this chapter is that considerable mesh refinement 
is required to pinpoint the transition contour locations. Advancing contact 
behavior is also problematic in some casese In the following chapter the 
contact algorithm is extended to incorporate an adaptive remeshing capabili-
ty that allows a continuous model of advancing contact and accurately lo-
cates the transition contours without excessive grid refinement. 
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CHAPTER 4 
AN ADAPTIVE FINITE ELEMENT PROCEDURE 
FOR FRICTIONAL CONTACT PROBLEMS 
Chapter 3 presented a finite element algorithm for frictional contact 
based on the Eulerian-Lagrangian description and a topological statement of 
the kinematic contact constraints. Although some Eulerian motion is incor-
porated to model relative slip between bodies the basic material discretiza-
tion must be established prior to the analysis. Errors result due to the 
mismatch between the assumed location of transition contours at fixed ele-
ment boundaries and the true contour locations, which generally depend on 
the level of loading. Contact problems in fact belong to a class of analy-
sis problems known as moving boundary problems. These problems may involve 
changes in the topology of the material volume, as in crack propagation [5J; 
or a moving interface between regions with different physical characteriza-
tions, such as the Stefan problem, involving the phase change in solidifica-
tion processes [64J, and the problem of locating the phreatic surface in an 
earth dam [65J. Mixed boundary value problems in which the surface regions 
subject to different types of boundary conditions change position during 
analysis represent another class of moving boundary problem. The deforma-
tion of a transversely loaded membrane constrained by an obstacle [66J and 
other more general contact problems are examples of this type of problem. 
In some cases the boundary motion can be predicted prior to the analysis 
(e.g. a moving heat source [67J); but in general the boundary motion must be 
determined as part of the solution process. 
Various finite element techniques have been employed to analyze moving 
boundary problems. One method involves the use of conventional remeshing 
schemes [68J. The structure is remeshed at each increment such that the 
motion of the moving boundaries are modeled appropriately. This alternative 
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is expensive, particularly for nonlinear analysis since each new mesh re-
quires a new analysis. Another approach involves the use of continuous 
topological distortion of the finite element mesh as an intrinsic part of 
the discrete formulation [69J0 In these schemes the type of boundary condi-
tion or physical characterization for an individual element remains the same 
throughout the analysis. However~ a change in the topological relations of 
the moving boundaries would require a remeshing step. 
This chapter presents an approach to contact problems based on continu-
ous topological distortions of the finite element grid. The method utilizes 
the adaptive capability of the mixed Eulerian-Lagrangian description de-
scribed in Sections 2.1.5 and 2.3.2 to represent the mesh motion. The 
remeshing Eulerian degrees of freedom discussed in Section 3.3 are used to 
vary the material positions associated with a transition node pair. The 
correct locations of the node pairs are determined by a least squar~s mini-
mization of residuals associated with the stress criteria that define the 
transition contours. This approach provides for accurate determination of 
the transi tion contour locations wi thout extra grid refinement. The method 
is also capable of modeling advancing contact provided that there is no 
change in the topology of the contact zones. 
Section 4.1 defines the contact stress residuals along the transition 
contours The use of remeshing degrees of freedom to represent changes in 
grid geometry are described in Section 4.2.1. Sensitivity equations relat-
ing changes in the transition stress residuals to grid motion are presented 
in Section 4.2.2. Then a least squares procedure is presented in Section 
4.3 for computing changes in the grid geometry to minimize the contact 
stress residuals Section 4.4 describes the computer implementation of the 
adaptive procedure and example applications are presented in Section 4.5 A 
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discussion of the merits of the procedure in Section 4.6 concludes the 
chapter. 
4.1 Contact Stress Residuals at Approximate Transition Contour Locations 
This section defines residuals associated with errors in the stress 
criteria (3.20) and (3.21) that result when approximate transition contour 
locations .are used in a contact analysis. This type of error is typically 
introduced in a finite element solution by forcing the transition contours 
to coincide with element boundaries. A least squares minimization of the 
residuals is used in the following sections to adaptively relocate the 
element boundaries to more closely follow the true transition contour loca-
tions. 
Scalar transition stress residuals are defined at each location along 
an assumed transition contour. For stick-slip transition contours, the 
contact stress residual p is given by 
ss 
(4. 1 ) 
Satisfaction of p = 0 at all locations along a stick-slip transition 
ss 
contour ensures that the frictional stresses in the adjacent stick zone 
reach the critical value defined by the friction law precisely at the tran-
sition contour. This implies that the assumed contour is properly located. 
The contact stress residual at a position along an assumed contact-separa-
tion transition contour p is given by 
cs 
(4.2) 
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The condi tion p :: 0 at all locations along a contact-separation contour 
cs 
ensures that the compressive normal contact traction becomes zero at each 
separation point and that the assumed contour is properly located. 
A global scalar norm of the residuals is needed for the least squares 
solution process. One possibility is to define the global residual R as the 
sum of the integrals of the squared residual along each tranSition contour. 
R I 1 /2 f ( p ) 2 ds + I 1 /2 [ ( p ) 2 ds J ss s JS cs U aU a 
ss cs 
(4.3) 
Here aU and as refer to individual stick-slip and contact-separation 
ss cs 
transition contours respectively. Also, U and S range from 1 to the number 
of stick-slip and contact-separation contours. The integrations in (4.3) 
can be avoided by resorting to a least squares point collocation scheme. In 
this case the global residual becomes 
R (4.4) 
in which p;s and p~s are residuals at individual collocation pOints and Y 
and 0 range from to the number of stick-slip and contact-separation collo-
cat i on poi nts . In a f ini te el ement procedur e, i tis con veni en t to s el e ct 
the collocation points to be the node pairs on the transition contours used 
in the traction recovery procedure. In the case of two-dimensional ideali-
zations (4.3) and (4.4) are equivalent (within a constant factor) since each 
transition contour is represented by a single node pair. 
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4.2 An Adaptive Finite Element Model for Contact Geometry 
This section introduces an adaptive finite element remeshing scheme to 
model changing contact geometries. A major advantage of the new method is 
that changes in the contact geometry are modeled with reversible and differ-
entiable degrees of freedom. This avoids numerical problems which can occur 
when discrete changes in the finite element grid geometry are used to repre-
sent changing contact geometry. Section 4.2.1 describes the use of remesh-
ing degrees of freedom at transition node pairs to vary the extent of the 
contact zones. These degrees of freedom are used as master variables to 
introduce smooth changes in the neighboring mesh. Section 4.2.2 formulates 
the sensitivity of the transition stress residuals to the mesh changes. 
This information is needed to formulate the adaptive solution procedure 
described in Section 4.3. 
402.1 A Finite Element Model for Variable Contact Geometry 
This section describes an adaptive finite element model for variable 
contact geometry based on the incremental displacement model described in 
Section 3.3 Figure 4.1 illustrates the adaptive model for a typical two-
dimensional contact problem between two elastic bodies. The extent of the 
contact zones and the corresponding finite element grid prior to an incre-
ment of loading are shown in Figure 4.1.a. Figure 4.1.b shows the contact 
zones and grid following a load increment. At each transition node pair the 
* Eulerian remeshing degree of freedom ~~ is used to precisely follow the 
continuously changing material locations of the transition contours. A 
smooth mapping of the nearby contact surface nodes and interior nodes, based 
on the transition node pair motion, is used to maintain a reasonable grid 
geometry. The remeshing represents a smooth topological distortion of the 
mesh, and the element contact modes do not change during the increment. 
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Thus the proper contact boundary conditions for each element face are known 
at the start of the increment without resorting to the heuristic algorithm 
in Chapter 3. The common degree of freedom ~§* at each contact node pair 
ensures that equal arc length will occur on both sides of the contact 
interface in the current configuration. This prevents spurious slip in 
stick zones due to remeshing and brings the correct material particles 
together at advancing contact boundaries. 
The smooth mapping of the overall mesh is obtained by writing con-
straints relating the remeshing degrees of freedom ~~ at ordinary contact 
node pairs and the Eulerian increments ~~ at interior nodes to the master 
* remeshing degrees of freedom ~§ . 
* in which gs and hS are interpolation functions and ~X 
* 
(4.5a) 
(4.5b) 
are the conventional 
Eulerian increments corresponding to ~~S· S ranges from 1 to the number of 
transition node pairs. 
Partitioned global stiffness equations obtained by applying the linear-
ized constraints (3.38) to (2.31) at each contact node pair can be written 
as 
[L_ K - K_ xx XX xs 
KXx K-- K-XX Xs 
K _ K - K 
sx sX ss 
(4.6) 
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in which {6X} is a vector containing Lagrangian and slip degrees of freedom 
6X and ~~; {6S} is a vector containing master remeshing degrees of freedom 
..... * -6~ ; and {6X} is a vector containing the remaining Eulerian degrees of 
freedom 6~ and 6~. The vectors {6R_}, {6RX-} and 6R } contain the corres-x s 
ponding incremental nodal loads. 
The linear constraints in (4.5) are written in global form as 
so that the complete incremental displacement vector in (4.6) can be ex-
pressed as a function of the independent degrees of freedom {6xI6S}. 
{ ;~ } = [G ] {~;} 
[G] 
o 
G 
I 
Application of the transformation (4.8) to (4.6) yields 
t ::: I ::: j { :: 
where 
(4.8a) 
(4.8b) 
(4.9a) 
(4.9b) 
and 
K_ 
xs 
K 
sx 
K 
ss 
~R 
s 
KXX G 
"T G X __ 
xx 
AT 
K--G XX 
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+ K_ 
xs 
(4.9c) 
+ K 
sx 
(4.9d) 
G K - G 
AT 
K- + K + + G 
sX Xs SS (4.ge) 
(4.9f) 
(4.9g) 
Equation (4.9a) is the incremental stiffness equation for the final set of 
independent variables in the adaptive contact model. There are a sufficient 
number of independent equilibrium relations to solve for the variables {~x}. 
A least squares minimization of the global transition residual R provides 
the additional equations needed to solve for the remeshing degrees of free-
dome 
4.2.2 Sensitivity of Transition Stress Residuals to Grid Motion 
This section presents the formulation of the sensitivity equations 
relating the transition stress residuals to changes in the grid geometry. 
Changes in the grid geometry produce changes in the contact tractions even 
under fixed load conditions. In slip regions changes in the normal trac-
tions result in changes in the friction limit f and the" prescribed tangen-
tial contact stresses as defined in (3.17). The changes in the friction 
tractions produce additional changes in the normal tractions. Thus there is 
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a strong coupling between the increments of the contact tractions that occur 
in response to changes in the grid geometry. 
Equation (2.48) can be used to obtain the sensitivities of the contact 
tractions to grid changes provided that the matrix erR] defined in (2.46) is 
available. In the case of frictional contact erR] is constructed based on 
the friction law and global equilibrium relations. 
First, the friction law is written in a form based on the discrete 
traction model introduced in (2.41). The continuous form of the friction 
law is replaced by a relation between the nodal traction intensities. 
(4.10a) 
(4.10b) 
{P~} and {P~} are partitions of the vector {P*} corresponding to nodal 
intensities of the friction and normal tractions along the slip surface. 
The matrix [~] is the assembled form of diagonal element matrices [~ ] 
e 
defined by {f } ::: [~ ]{PN }. The vectors {f } and {PN } are limiting fric-e e e e e 
tion tractions and normal traction intensities at the node pairs of an 
element face in slip behavior. In the case of Amontons-Coulomb friction 
this relation is constructed from (3.22). A typical diagonal element of 
[ 11 ] is then 
..... e 
"a. ~T 
a. 1 ,M (4.11) ~e a ::: II "a. II ~'T' 
-.1 
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where M is the total number of contact node pairs used in the element trac-
tion model. If the incremental ,displacement direction does not change 
during the remeshing process then [n~] is nUll. This is a reasonable as-
sumption in two-dimensional idealizations and will also be assumed as an 
approximation for general three-dimensional problems in the following. 
Next, the traction equilibrium relations expressed in C2.45a) are used 
to express changes in the contact nodal traction intensities in terms of 
incremental displacements and grid changes. The incremental surface trac-
tions in C2.45a) are written in partitioned form as 
nP* N 
nP* T } [-------::: ::: J { :: } C 4. 12) 
Finally, the stiffness equations (4.9a) are used to enforce global equili-
brium. The incremental displacement vector {nx} is sol ved from the upper 
partition of (4.9a) and the complete displacement vector is then 
nP* T 
(4.13) 
The matrix [r p ] relates the incremental load vector {nRx} to the increment 
of the nodal friction intensities on the slip surface such that 
(4.14) 
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where 
(4.15) 
and [N~] is the partition of the matrix [N P] relating to the nodal friction 
intensities on the slip surface. Equations (4.10b), (4.12), (4.'3) and 
(4.14) are sufficient to solve for {~R_} as a function of {~s}. This leads 
. x 
directly to the matrix erR] (defined in (2.46)) which is required in (2.47b) 
to construct the traction sensitivities. 
Two alternatives can be used to derive erR]. One scheme involves a 
direct approach. The substitution of (4.13) in (4.12) results in an expres-
sion for {~P~} given by 
in which 
nP* T 
/j,s 
(4.16a) 
(4.16b) 
(4.16c) 
The combination of (4.10b) ([/j,~] taken to be null) and (4.16a) produces 
[D]{/j,s} (4.17) 
where 
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[D] (4 .. 18) 
Finally, the substitution of (4.17) in (4.14) gives 
(4.19a) 
(4.19b) 
Note that the inversion of a nonsymmetric matrix is required in (4.18). 
Another approach used in the construction of erR] involves an iterative 
indirect scheme. The null matri x is assumed as an ini tial estimate for 
erR]. In a typical iteration a the current estimate of [rR]a i~ used in 
(2.47b) to obtain an estimate of [Cn]a. This result is combined with 
(2.48), (2.49) and (4.10b) to estimate {~P~}. This estimate correspbnds to 
an estimate of the matrix [D] in (4.17), 
(4.20) 
which is used in (4.19b) to obtain a new estimate of erR]. 
( 4 .21 ) 
Iterations are continued until convergence of the matrix erR] is achieved 
and the final estimate of [ap] in (2.49) is obtained. 
The sensitivities of the transition stress residuals to the changes in 
the grid geometry represented by {~s} are obtained by operating on (2.48). 
1 The vector of incremental transition stress residuals {~p} = {~p , ••••• , 
ss 
A M 1 
u pss ' IIp , ••••• , cs .. 
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{t~p } [ap]{~s} (4.22) 
where 
[ap] [T][ap*] (4.23) 
and M and N are the number of stick-slip and contact-separation collocation 
points. [ap*] is a compact matrix form of Cap] containing only incremental 
traction intensities {~PN' ~PT1' ~PT2} associated with transition colloca-
tion pOints. The matrix [T] is constructed from the definition of the 
transition stress residuals (4.1) and (4.2). 
o o 
[T] 
o o o o o o 
o 
o 
o 
o 
o 
o 
(4.24) 
Assuming that the Amontons-Coulomb friction law holds, the elements of [T] 
are 
"y 
uT 
t Y - II N II "Y II ~T 
Y 1 ,M (4.25a) 
"y 
uTa 
t Y Ta II ~; II a = 1 ,2 
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for the stick-slip collocation points, and 
t'Y 
N 
1 .0 
'Y M+1,M+N (4.25b) 
t'Y 
TO'. 0.0 a. = 1 ,2 
for the contact-separation collocation points. 
4.3 Least Squares Minimization of the Transition Stress Residuals 
This section presents a least squares method used to optimize the 
transition contour locations to minimize the transition stress residuals. 
The methods uses the form of the global residual R in (4.4) in which the 
contact node pairs at transition contours are selected as collocation 
points. 
R (4.26) 
The vector {pn+1} contains the total transition stress residuals at the 
collocation points and is expressed in incremental form as 
n {p } + {b.p} (4.27) 
in which {pn} is a vector containing the stress residuals associated with 
mesh configuration nand {b.p} is the incremental stress residual vector 
defined in (4.22). Based on (4.22) and (4.27), (4.26) is expanded as 
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(4.28) 
The transition residuals are minimized by seeking the stationary condition 
for R with respect to arbitrary variations of the remeshing degrees of 
freedom {l1s}. 
. TnT [ap] {p} + [ap] [ap]{l1s} o 
The solution of (4.29) for {I1S} leads to 
{l1s} 
where 
and 
[ T ]-1 [ap] [ap] _ 
T n 
- [ap] {p} 
(4.29) 
(4.30a) 
(4.30b) 
(4.30c) 
The construction of the matrices [Qn] and {pn} from the matrices [ap] 
and {pn} involves relatively little computational effort, yet (4.30a) pro-
vides a good estimate of the optimal remeshing increment {l1s}. 
Both the equilibrium relations and the optimality conditions for the 
mesh geometry are in general nonlinear. Therefore, to obtain a proper 
solution the linearized equations (4.30a) must be employed in an iterative 
algorithm. One such algorithm is described in the next section. 
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4.4 Implementation of the Adaptive Finite Element Procedure 
This section presents an algorithm for incremental frictional contact 
analysis based on the adaptive finite element model described in the pre-
vious section. The basic procedure is appropriate for advanCing or receding 
contact, but the contact zone topology is assumed to be invariant during the 
course of the analysis. Extensions of the algorithm to remove this restric-
tion are discussed in Chapter 6. Here the problem of contact analysis is 
treated as a two-level optimization problem. Bi-level problems have re-
ceived some attention in the recent optimization literature [70J. The 
upper-level optimization problem involves the minimization of the transition 
residual R (a convex functional) with respect to the transition contour 
geometries. The equilibrium and kinematic constraints of the contact prob-
lem must be satisfied simultaneously. This requirement can be viewed as a 
lower-level optimization problem involving the minimization of ari energy 
unctional (or a corresponding equilibrium weighted residual functional) with 
respect to the kinematic variables. Chapter 3 treats the lower-level prob-
lem as an unconstrained minimization of a convex functional (all kinematic 
variables are reversible in the topological contact model). An i terati ve 
solution scheme for the bi-level problem is presented next. In each itera-
tion the upper'-level problem is sol ved subject to a linearized approximation 
of the lower-level constraint. Contact equilibrium is restored for fixed 
transition contour locations to prepare a new iteration. A flow chart of 
the computer implementation of the solution procedure appears in Figure 4.2. 
Initial conditions for the contact zone topology and geometry are 
required to initiate the procedure. If this information is not available a 
priori, the heuristic algorithm in Chapter 3 can be used to obtain reason-
able initial conditions. The contact zone geometry is initialized and the 
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interpolation functions gs and hS in (4.5) are selected prior to the incre-
mental loading procedure. 
An iterative procedure is used in each load step to find the correct 
transition contour locations and solve the incremental contact problem. 
Each iteration begins with restoration of equilibrium and satisfaction of 
the friction law, based on the current estimate of the contact zone geome-
try. This is accomplished by the iterative procedure described in Chapter 
3. Specifically, the inner loop of the flow chart in Figure 3.7 (shown in 
dashed outlines) is executed until convergence is achieved. Next, the norm 
of the transition stress residual is compared to a convergence tolerance p-
TOL. If convergence is attained, the load step is complete and the algo-
rithm proceeds to the next load increment. Otherwise, an adaptive remeshing 
step is executed to relocate the transition contours and reduce the transi-
tion stress residual. Since the remeshing step includes only a linear 
approximation of the contact-equilibrium constraints, it is necessary to 
repeat the iteration cycle until the displacement, equilibrium and transi-
tion stress residual criteria are simultaneously satisfied. The rate of 
convergence of the iterative solution scheme can be improved by acceleration 
methods [71, 72J. 
The adaptive remeshing step begins with the assembly of the sensitivity 
matrix [apJ in (4.22). This requires an estimate of the matrix [rRJ in 
(4.19a). In the current computer implementation the iterative indirect 
scheme described in Section 4.2.2 is used for this purpose. Note that the 
matrix [apJ incorporates the linearized equilibrium constraints. Optimal 
values of the remeshing variables {~s} are computed from (4.30) to relocate 
the transition contours. The full set of nodal displacements are recovered 
by serial application of (4.17), (4.13), (4.8) and (3.31). At the contact 
nodes the arc length motion ~sa is converted to a change in the parametric 
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coordinates ~~a using the spline model (3.26b). Finally, the Eulerian 
motion ~~a is computed from (3.28). 
An example application of the adaptive.frictional contact algorithm is 
given in the next section. 
4.5 An Application of the Adaptive Contact Analysis Procedure 
The example problem analyzed in Section 3.4 is reconsidered in this 
section as an example application of the adaptive algorithm. The friction-
less case is considered first. Figure 4.3a illustrates the interpolation 
function used to define smooth changes in the grid geometry in terms of the 
master remeshing degree of freedom at the contact-separation node 1. A slip 
contact region in the domain of 0 ~ X ~ 1.44 h is predicted by the adaptive 
procedure as compared to 0 ~ X ~ 1.50 h predicted by the non,adpative algo-
rithm in Section 3.4. Comparison of the contact stress prediction plotted 
in Figure 4.4 with the results shown in Figure 3.11 demonstrates the drama-
tic improvement in accuracy that results with the adaptive scheme. 
The remeshing interpolation functions used in the analysis of the 
frictional case are shown in Figures 4.3b and 4.3co The contact-separation 
node is labeled 1 and the stick~slip node is labeled 2. A stick region is 
predicted in the domain 0 ~ X ~ 0.43 h, compared to 0 ~ X ~ 0.50 h as in 
Section 3.4. The domain of the slip region is 0.43 h < X ~ 1.73 h, compared 
to 0.50 h < X ~ 1.75 h in Section 3.4. Distributions of the contact 
stresses are shown in Figure 4.4. The errors in the transition stress 
criteria which appear in Figure 3.11 are effectively eliminated with the 
adaptive procedures without resort to grid refinement. 
4.6 Chapter Summary 
An adaptive finite element analysis procedure for contact problems is 
described in this chapter. The adaptive procedure, combined with the basic 
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contact analysis 'procedures described in Chapter 3, provides a convenient 
method to analyze moving boundary contact problems. A two-level solution 
scheme is employed in which the transition contour locations are identified 
by minimizing a residual associated with the transition stress criteria 
subject to the simultaneous subproblem of satisfying the usual contact 
kinematic and stress constraints. This hierarchic approach leads to an 
efficient solution scheme that eliminates the need for unilateral displace-
ment constraints and excessive grid refinement. 
The next chapter presents additional example applications of the method 
in frictional contact analysis. 
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CHAPTER 5 
APPLICATION OF THE FRICTIONAL CONTACT ALGORITHMS 
This chapter presents example applications of the contact algorithms 
described in Chapters 3 and 4. A contact problem involving an elastic layer 
resting on a rigid foundation is considered in Section 5.1 to demonstrate 
the algorithm described in Chapter 3 (extended by the adaptive procedure in 
Chapter 4) for a constant line load problem. The structure is reanalyzed in 
Section 5.2 to demonstrate the effects of large deformations on contact 
behavior. In Section 5.3 the same structure is reconsidered and subjected 
to a cyclic line load to generate a moving transition contour problem. 
Section 5.4 presents a contact problem involving a rigid cylinder. indenting 
an elastic layer over a rigid foundation to demonstrate the application of 
the algorithm to curved contact surface geometries. 
5.1 An Elastic Layer Resting on a Rigid Foundation 
A plane strain contact problem involving an elastic plate and a rigid 
foundation is depicted in Figure 5.la. This problem was investigated pre-
viously by Civelek and Erdogan [38,39J, and Gecit [40J. The plate is sub-
jected to a downward distributed load denoted by PO and a line load 
P = APOh. In this analysis, proportional loading is assumed. Due to symme-
try and the local influence of the line load on the structure, only the 
portion of the structure shown in Figure 5.1b is considered. The entire 
initial contact surface between the plate and the foundation is used as the 
candidate contact surface. The heuristic approach in Chapter 3 is used to 
establish the contact zone topology. The adaptive procedure in Chapter 4 is 
used to locate the transition contours precisely. 
Both frictionless and frictional cases are considered. Normalized 
contact stress distributions for the frictionless case with several values 
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of A are shown in Figure 5.2. In each case a separate analysis was per-
formed and the full load was applied in a single step. Contact along the 
entire candidate surface is predicted for lower values of A. A separation 
region starts to develop below the line load at A = 1.088 [38J. The deter-
mination of the contact zone topology requires relatively few iterations. 
The precise locations of the transition contours are determined using a 
small number of additional iterations of the adaptive scheme in Chapter 4. 
As an example, for A = 2.0, the analysis requires four iterations to deter-
mine the contact zone topology and seven iterations to adaptively locate the 
precise transition locations. 
The frictional case is considered next. The normalized contact stress 
distributions are shown in Figure 5.3. For larger values of A a separation 
zone develops below the line load. Immediately outside the ~eparation 
region is a zone of slip behavior, and the remainder of the contact surface 
sticks. The frictional stresses cause bending deformations which reduce the 
extent of the separation region. The frictional solution requires more 
iterations than the frictionless case. For example, for A = 2.0 the solu-
tion requires eight iterations to determine the contact zone topology (com-
pared to four in the frictionless case), and twelve iterations to precisely 
locate the transition contours (compared to seven iterations in the fric-
tionless case). 
5.2 Large-Deformation Frictional Contact 
This section demonstrates the effects of large deformations on contact 
behavior. The structure shown in Figure 5.1 is subjected to a downward 
monotonic line load with A 8.0. The value of the elastic constant E is 
varied between 10 2 and 10 6 to simUlate small- and large-deformation 
problems. Normalized contact stress distributions are shown in Figure 5.4. 
93 
Prying action over the separation region generates bending deformations. A 
narrower slip zone is predicted by the analysis for the small-deformation 
case (simulated by the larger value of E) .. The frictional stresses reverse 
direction in the region immediately adjacent to the slip zone. For smaller 
values of E, tensile stresses are generated by the net stretching of the 
plate. This reduces the extent of the separation zone. The peak normal 
stress intensity in the vicinity of the separation-slip transition point is 
reduced. The extent of the slip zone is increased, and the reversal of the 
frictional stress direction is eliminated by the large-deformation behavior. 
5.3 An Elastic Layer Resting on a Rigid Foundation 
Subjected to a Cyclic Line Load 
The structure in Section 5.1 is reconsidered with a cyclic variation of 
the line load P. An incremental version of the adaptive procedure is used 
to incorporate history-dependent effects. A refined finite element mesh 
(shown in Figure 5.5) is used in antiCipation of the contact zone geometries 
for the loading and unloading paths. The line load P is specified by 
varying the parmneter A between 1.2 and 2.0 in increments of 0.10. The 
distributed load is held constant throughout the analysis. The solution in 
Section 5.1 for A = 1.2 is assumed as the initial conditions for the 
analysis. The contact zone topology and the initial locations of the tran-
sition contours are determined from this solution. 
Normalized stress distributions for the frictionless case and selected 
values of A are shown in Figures 5.6 through 5.B. Comparison with Figure 
5.2 indicates that the computed response is essentially independent of the 
load history, as expected for the frictionless case. 
Normalized contact stress distributions for the frictional case are 
plotted in Figures 5.9 through 5.11 for A = 1.2, 1.5 and 2.0. Results from 
Figure 5.3 (one-step loading) are also shown for comparison. The results 
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indicate history-independent behavior for the frictional case during the 
loading phase, and support the generality of the solutions presented in 
Figure 5.3. However, the structure exhibits very different behavior during 
the unloading phase. Immediately after the line load intensity begins to 
decrease, a reduced slip zone develops in the region adjacent to the 
separation zone. This effect can be seen in Figure 5.10 where the contact 
stress distributions are compared for A = 1.5 during the loading and 
unloading phases. Note that the slip displacements and friction stresses 
undergo a reversal in the unloading phase. The remainder of the contact 
surface exhibits stick behavior. This example clearly demonstrates that 
frictional contact is generally a history-dependent process. 
5.4 A Rigid Cylinder Indenting an Elastic Layer 
This section presents a contact problem to demonstrate the effective-
ness of the algorithm for curved contact geometries. A plane strain problem 
involving an elastic plate and a rigid cylinder is shown in Figure 5.12a. 
The depth of the elastic plate, the radius of the rigid cylinder, and the 
horizontal projection of the contact surface between the plate and cylinder 
are denoted by h, Rand 2c respectively. The contact surface is produced by 
indenting the elastic plate with a downward movement of the rigid cylinder, 
denoted by vO. The case where clh = 1 and in which the elastic plate is 
rigidly connected to the rigid foundation, as was investigated by Meijers 
[73J, is considered. Due to symmetry, only the portion of the structure 
shown in Figure 5.12b needs to be modeled. The geometry of the top edge of 
the elastic layer is modeled by a B-spline function. 
A small-deformation problem in which c/R = 1/1000 is first analyzed. 
The normalized contact stress distributions along the contact surface ob-
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tained by the adaptive contact algorithm, for both frictional and friction-
less cases, are shown in Figure 5.13. The results are in good agreement 
with the analytic solution for normal contact stress gi ven in [73J. The 
computed downward indentation Vo is 0.653 h2/R compared with 0.650 h2/R 
given by the analytic solution. A slip region in the domain 0.91 < X/c ~ 
0.99 is predicted for the frictional case. 
Large-deformation problems are obtained by considering larger values of 
c/R. The frictionless case was analyzed for c/R = 1/100, 1/10, and 1/5; and 
the normalized contact stress distributions for these cases are shown in 
Figure 5.14. The normal stress intensi ties for the three cases at X = 0 
are 0.860 E/R, 0.777 E/R, and 0.678 E/R; and the downward motion of the 
2 . 2 . 2 
rigid cylinder for each case is 0.649 h IR, 0.647 h IR and 0.646 h IR 
respectively. For larger values of c/R, higher normal stress intensities 
are predicted for locations away from X = o. 
5.5 Chapter Summary 
Example numerical applications of the frictional algorithms described 
in Chapters 3 and 4 have been presented in this chapter. The frictionless 
case generally requires less iterations to determine both the contact zone 
topology and the precise locations of the transition contours, compared to 
the iterations required for the frictional case. General frictional contact 
problems, particularly for cyclic loading, require an incremental solution 
procedure to follow correctly the development of the contact zone topology 
and to obtain an accurate estimate of the contact stresses. Thi sis 
because frictional contact behavior is generally history-dependent. In 
contrast, frictionless contact problems, which are independent of the 
loading history, can be analyzed using a one-step loading approach. 
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CHAPTER 6 
DISCUSSION AND RECOMMENDATIONS FOR FUTURE RESEARCH 
This study has described the development of novel finite element algo-
rithms for frictional contact problems. These algorithms make use of a new 
topological description of the frictional contact problem and new computa-
tional techniques for computing surface tractions and performing adaptive 
finite element analysis. The mixed Eulerian-Lagrangian kinematic descrip-
tion plays a central role in the contact algorithms. The effectiveness of 
the algorithms has been demonstrated for example problems involving the 
Amontons-Coulomb friction law, curved contact surfaces, large deformations 
and cyclic loading. 
A frictional contact algorithm based on a heuristic approach was pre-
sented in Chapter 3. The algorithm is capable of determining contact zone 
topology and geometry within the resolution of the element mesh. The ef-
fect i veness of the al gor i thm has been demonstrated in examples invol ving 
receding contact problems. 
The accuracy of solutions obtained by this algoritruil is strongly depen-
dent on the mesh geometry, because the transition contour locations are 
constrained to occur at element boundaries. This means that the resolution 
of the contact zone geometry is directly related to the degree of mesh 
refinement chosen prior to the analysis. An adaptive mesh subdivision 
scheme would permit efficient resolution of the transition contour locations 
to any desired degree of accuracy, independent of the initial mesh choice. 
A method for determining the correct alignment of newly contacting node 
pairs is needed to make the method effective for advancing contact problems. 
An adaptive frictional contact algorithm was described in Chapter 4. 
This algorithm deals with contact problems involving fixed contact zone 
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topology, but continuously variable contact zone locations. The moving 
transition contour locations are tracked using the adaptive capability of 
the Eulerian-Lagrangian formulation. This technique is advantageous since 
contact problems can be modeled using only reversible degrees of freedom 
once the contact zone topology is established. The need for unilateral 
displacement constraints and variational inequality solution methods is 
avoided. The transition contour locations can be computed to any precision, 
independent of the size of the finite elements along the contact surface. 
Advancing contact problems pose no special difficulties for this method. 
The use of spline models to represent the contact surface permits the appli-
cation of the adaptive method to problems with curved surface geometry. 
Care must be exercised to avoid severe distortions of the mesh due to 
excessive motion of the transition contour locations during the adaptive 
procedure. A procedure for detecting unacceptable mesh distortion and 
initiating an automatic remeshing procedure might solve this problem. 
A more robust contact algorithm would be desirable to handle general 
contact problems. One alternative is the use of an algorithm based on the 
combination of the two algorithms described in Chapters 3 and 4. The fea-
tures for dealing with changing contact zone topology of the algorithm in 
Chapter 3 and the capabilities of the Chapter 4 algorithm for dealing with 
continuously varying contact zone locations could be combined in the formu-
lation of an improved algorithm. 
Several extensions of the mechanics model used in the study are desir-
able. A nonlinear material model should be incorporated consistent with the 
large-deformation kinematic model and the stress concentrations that occur 
beneath sharp-edged indentors. A plasticity model would allow the analysis 
of various metal-forming processes. Three dimensional implementations of 
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the contact algorithms are of interest for many practical engineering prob-
lems. Some problems require a fully three-dimensional model, such as the 
analysis of rubber tires. Axisymmetric versions are of interest for contact 
problems involving spherical bearings and rotating disks. The incorporation 
of dynamic behavior is important for a variety of applications such as 
impact problems. The implementation of three-dimensional models wi th non-
linear material models and transient behavior will require the use of more 
efficient solution methods, such as quasi-Newton procedures or algorithms 
for concurrent processors. 
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TABLES 
Boundary Cond itions 
Contact 
Mode 
Stress Displacement 
I Continuous Form Finite Element Continuous I Finite Element 
pi _ p2 _ P N - N - N ~N:: 0 I ~xl:: ~x2:: /J.xc ,..., ,..., ,..., 
PN< 0 PN < 0 (Inactive, 
Stick I heuristic) 
pi - p2 - P · -12 iT:: 0 16sl :: /J.s2 :: /J.~ To- To- To,a-, ,..., ,..., '" 
i1PTIl ~ f II £TII < 0 (lnac!iv.e, i--' 0 0 ,..., heuristic) 
pl_ p2_p N- N - N ~N:: 0 I /J.x I :: ~ X 2 :: /J. XC 
,..., ,..., ""-I 
Slip 
PN< 0 PN< 0 (Inactive, ~Sl ::/J.~+(8-I)~s 
pi =p2 =p :: heuristic) 
,...,,..., "...,. 
To To To p Prescribed 2 1\ -
-f uTa/lluT!! ;a=I,2 ~Ta(lterQt!ve •. /J.S ::~s+8~s ,..., ,..., ,..., 
,...,,..., ApproXimation) 
pi:: pi -I Prescribed P Separation I ~ ~ ""-I 
p2:: p2 p 2 Prescribed 
,..., ,..., 
'" 
Table 3.1 Stress and Displacement Boundary Conditions on the Contact Surfac€ 
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Figure 5.1 An Elastic Plate Resting on a 
Rigid Foundation 
x 
m 
Q) 
m 
m 
Q) 
tI... 
+-(J) 
+-
0 
0 
+-
c: 
0 
U 
s-
o 
Z 
2.00 
-~ :: .~u ... 
Q3 11 x=o.o 
0.2 0.00/  II -0.30 :: 
~"".- IIIIfif YIII' p.= 
2.00 
0·910 to 
Figure 5.2 Stress Distributions Along Contact Surface 
Between Elastic Plate and Rigid Foundation, 
Frictionless Case 
f--' 
N 
CJ'. 
U) 
Q) 
UJ 
U) 
Q) 
b-
.... 
en 
.... 
u 
0 
+-
c: 
0 
U 
'"0 
Q) 
N 
OJ 
0 
E 
b-
0 
Z 
, 
, 
, 
, 
, 
, 
\ 
I , 
, 
, 
, 
, 
\ 
\ , 
---6--
PN 
-fL Po 
PT 
Po 
\1.50 
\ 
\ 
\ 
\2.00 
\ 
\ 
PN ... PT (S lip) 
-fL Po - Po 
\, 
" '4 
'" " " , 
~\ 
fL :: 0.30 
... "t.... ~ "\ .... 
'", '... '.......-t,. 
..... ~..... "l:J., ~ ......."""'-
..... ~.... .....~ ........... ~ . .....--6-_::...zr-==~ 
.... -6.- ......... -1\ -_ ::::'::,-/\._ ..... 
-UCi!!ll:DGIIIIa-. __ ~ ___ _ 
Figure 5.3 Stress Distributions Along Contact Surface 
Between Elastic Plate and Rigid Foundation, 
Frictional Case 
3.0 x 
h 
I-' 
N 
'-l 
un 
CD 
0.9 
= O.S CD 
... 
-(/) 
-u 
c 
-c o 
U 
"C 
~ 0.3 
c 
E 
... 
o 
Z 
I , 
, 
I 
__ -JoLPN 
Po 
__ ~ -JoLPN -Pr (51' ) 
---=- Ip Po Po 
-Pr 
-~-- --Po 
). = 8.0 
JoL = 0.3 
\ . \ 
E::: 1.0xI02 \ \ 
3.0 X 10
2 
\ '" 3.0 x 102 
1.0 X 10: 1l' ..... '4.,. 1.0 X 103 ll', .... 
\ 
\ 
\ 
\1,0 x 102 
, 
"\ 
... 1.0 X 10 ..... 4 "tl ....... 
I 6 '-4.., ~--'6-
,1.0 X 10 --"'n--_~ __ y __ I ~ J ~l ! \! I ' __ -::a:~:1---Y--- A __ -?f_ I _ III 
0.0 4.0 5.0 6.0 I 7.0 ... _..tl----6 9.0 
I ... ~ 8.0 1L h 
-0.3 
\ " .... 
I J1' , / 
\ I 
\ I 
\ I 
't:t' 
Figure 504 Effects of Large Deformations on Contact Stress 
Distributions, Frictional Case 
f--i 
N 
00 
1-I 3h 
Figure 5.5 Finite Element Mesh for a Plate Resting on a Rigid 
Foundation Subject to a Cyclic I:ine Load 
--I 
--I 
......... 
N 
'" 
-0.30 
en 
Q) 
en 
en 
(1) 
21-
..... 
en 0.2 
..... 
0 
0 
..... 
s:: 
0 
U 
"0 
Q) 
N OJ 
0 
E 
21-
0 
Z 
°0 
~=O.O 
Initial Condition 
• End of First Load Cycle 
1.0 2.0 
Figure 5.6 Normalized Contact Stress Distribution for the 
Cyclic Line Load Prob lem, F-ric tionless Case, A = 1. 2 
3.0 X 
h 
i-' 
W 
o 
-0.30 PN 
Po 
03 
en 
Q) 
(J) 
(J) 
Q) 
b 
-+-
(f) 0.2 
-+-
0 
0 
-+-
c 
0 
U 
"'0 
Q) 
N 
0.1 
0 
E 
b 
0 
Z 
~~----~~~~~====~ 
One-Step Loading (Flg.5.2) 
Loading Pha se (Incrementa I) 
Unloading Phase (Incremental) 
00 1.0 2.0 3.0 X 
h 
Figure 5.7 Normalized Contact Stress Distribution for the 
Cyclic Line Load Problem, Frictionless Case, A= 1.5 
I-' 
v~ 
I-' 
-0.30 PN 
Po 
0.31---.............. ---.... ----~-............................................ ------
en 
Q) 
en 
en 
Q,) 
~ 
...-(/) 0.2 
...-
(.) 
0 
...-
c 
0 
U 
-0 
Q) 
N OJ 
0 
E 
~ 
0 
z 
00 
II 
1.0 2.0 
One-Step Loading {Fig. 5.3) 
Incremental Load ing 
3.0 X 
h 
Figure 5.8 Normalized Contact Stress D~stribution for the 
Cyclic Line Load Problem, Frictionless Case, ~= 2.0 
f-' 
LV 
N 
..... 
u 
c 
..... 
c 
o 
U 
"C 
CD 
N 
c 
E 
(5 ... 0.1 
z 
-0.2 
-0.3 
A :: 0.0 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
~ 
\ 
\ . 
\ . 
\ . 
\ I 
\ I \1 
~ 
133 
PN} 0----0 -p. Po Start of Load 
PT Cycle 
tr--~ --
Po 
PN 1 
• -p.. Po End of Load 
PT Cycle 
\i---oV Po ) 
• 
Figure 5.9 Normalized Contact Stress Distributions 
for the Cyclic Line Load Problem, 
Frictional Case, A = 1.2 
en 
Q) 
en 
en 
Q) 
~ 
..... 0.1 (J) 
..... 
u 
0 
..... 
c: 
0 
U 
""C 0 Q) 
N 
0 
E 
~ 
0 
z 
-0.1 
-0.2 
t 
134 
· , 
· , 
1.0 2.0 3.0 X 
· , ,
\ , 
\ , 
\ , ~ , 
\, 
~ 
0---0 -}L PN } 
Po Load ing Phase 
t:r---~ PT 
Po 
" o-}L PN } 
'\J----':l ~:o Unloading Phase 
Figure 5.10 Normalized Contact Stress Distributions 
for the Cyclic Line Load Problem, 
Frictional Case, A = 1.5 
h 
0.3 
(J) 
Q) 
(J) 
(J) 
Q) 
~ 
.... 
en 
.... 0.2 (,) 
c 
.... 
c 
0 
U 
""C 
Q) 
N 
c 0.1 
E 
~ 
0 
z 
0 
-0.1 
135 
A:: 0.0 
, 
, 
, 
, 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
~, , 
" 
. ~, 
............ ~~IlIIIlii!a __ 
1.0 2.0 3.0 
.... J.L Po One-Step Loading PN } 
P (Figure 5.3) 
__ tlllllBD_ 
Po 
0 PN } o .... J.L Po End of Load ing 
PT Phase 
~ -
Po 
Figure 5.11 Normalized Contact Stress Distribution for 
the Cyclic Line Load Problem, Frictional 
Case, A = 2.0 
X 
--h 
y 
h 
Elastic Layer, E,l'll 
o I\I~IU uuo;)~ X 
(0) 2h "1 
c:: h:t lIP, 1-:. ~~'--r-I-I==~ 
h 
(b) 
Figure 5.12 A Rigid Cylinder· Indenting an Elastic Layer 
~ 
W 
0'1 
+-
o 
o 
+-
c: 
o 
u 
1.0 
0.8 
137 
0 
• 
-...f}a-
~:~ ~:~~: (p.= 0) (Ref. [73]) 
0.3 (X) (po:: 0) (Present) 
0.3 PN(O) 
0.3 PN(X) (po:: 0.3) Q3 PN(O) 
PT(X) (po:: 0.3) 
0.3 PN(O) 
~ 0.4 
N 
o 
E 
2m. 
o 
z 0.2 
1.0 
X 
0.91 .eO~1 c 
Figure 5.13 Stress Distributions Along a Curved Contact 
Surface Between a Rigid Cylinder and an 
Elastic Layer 
1.0 
0.8 
(/) 
Q) 
(/) 
(/) 
Q) 
lb." 
..... 
en 0.6 
..... 
(,) 
0 
..... 
s:: 
-
...., 
U 
"0 
Q) 0.4 N 
0 
E 
lb." 
0 
z 
0.2 
138 
c/R :: 1/1000 (Ref [73]) 
Il c/R :: 1/1000 
• c/R :: 1/10 
--t'-- c/R :: 1/5 
" y. 
" 
"y 
.', , 
\ 
\ 
\ 
f 
\ 
\ 
0.4 0.6 0.8 
Figure 5.14 Effects of the Ratio c/R on the Stress 
Distribution Along a Curved Contact 
Surface Between a Rigid Cylinder and 
an Elastic Layer 
\ 
\ 
\ 
\ 
& 
Present 
1.0 X 
c 
139 
APPENDIX 
MATRIX FORMULATION OF THE LINEARIZED 
INCREMENTAL STIFFNESS EQUATIONS 
This appendix presents matrix formulations of the linearized Eulerian-
Lagrangian stiffness equations corresponding to the stationary potential 
energy and virtual work principles. A two-dimensional version of the iso-
parametri c fini te element model descri bed in Section 2.1.4 is used. Fini te 
element forms of the incremental quantities in Section 2.1.3 are first 
presented. These are used in the subsequent sections to derive the linear-
ized stiffness equations. 
A.1 Matrix Expressions for Incremental Quantities 
The element incremental and virtual displacement vectors are 
{[~X } 
e 
{~x } 
e 
{QU } 
e 
{~x ~x 
11 21 ~x ~x } 1N 2N 
(A.1 ) 
(A.2) 
(A.3) 
in which N is the total number of element nodes. Substitution of (A.1) and 
(A.2) in (2.17) and (2.18) produces 
{~J} [aHJ{~x } 
e 
(A.4) 
(A. 5) 
140 
where {~J} 
[aHJ is a matrix containing shape function derivatives. 
h 1 , 1 0 hN,1 0 
h1,2 0 hN,2 0 [ aHJ (A.6) 0 h1 , 1 0 hN,1 
0 h 1 ,2 0 hN,2 
The linear increments of the total Jacobian components in (2.20b) are 
(A.7a) 
-t J 11 
-t J 21 0 0 
-t -t 0 0 
[B 1 J 
J 12 J 22 
-t -t (A.7b) 0 0 J" J 21 
0 0 -t J 12 
-t J 22 
-t 
J 11 
t 
J 11 
-t J 21 
t J 11 
-t J 11 
t J 12 
-t J 21 
t J 12 
-t t -t t -t t -t t 
[B2J 
J 12 J 11 J 22 J 11 J'2 J 12 J 22 J 12 (A.7c) 
-t 
J 11 
t J 21 
-t J 21 
t J 21 
-t 
J 11 
t J 22 
-t J 21 
t J 22 
-t J 12 
t J 21 
-t J 22 
t J 21 
-t J 12 
t J 22 
-t J 22 
t J 22 
The linear increment of the inverse Eulerian Jacobian determinant in (2.21b) 
is 
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(A.8a) 
where 
(A.8b) 
The linear increment of the scalar metric Ka on an element edge, defined by 
r r r r 
x, = 1, xl = -1, x2 = 1, x2 -1, and where the tractions are prescribed, is 
where 
(A.9b) 
(no sum on i) (A.9c) 
and [aHPJ is a modified form of [aH] containing derivatives of only those 
shape functions associated with nodes on the edge in question. For example, 
for applied tractions specified on an edge containing nodes 1, 2, and 3, 
and defined by either x~ = 1 or x~ = -1; [aHP] is given by 
h1 , 1 0 h 2 ,1 0 
0 0 0 0 
0 hl , 1 0 h 2 ,1 
o (A.9d) 
0 O· 0 0 
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The linear terms of the incremental Green strain tensor in (2.22b) are 
(A.10a) 
t 
J 11 0 
t J 21 0 
[Z] 0 t J 12 0 
t J 22 
(A. 1 Ob) 
t J 12 
t 
J'1 
t J 22 
t J 21 
The quadratic terms in the incremental displacements (b,Q(J .. ), b,Q(J)p .b,Q(K a ) 
, IJ 
and b,Q(Eij») are constructed as matrix products involving b,L(J ij ), b,L(J), 
b,L(Ka) and b,L(E .. ) in Sections A.2 and A.3. 
IJ . 
Finally, the linear increments of the second Piola-Kirchhoff stress 
components in (2.23b) are 
(A.11a) 
L L L L m 
where {b, (S)} = {b, (S11) b, (S22) b, (S12)} and [C ] is a material-dependent 
constitutive matrix. For isotropic and orthotropic materials [Cm] takes the 
form 
m 
C 11 
m 
C'2 0 
m C21 
m C22 0 (A.11b) 
0 0 m C33 
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The elements of the constitutive matrix for an isotropic, linear elastic 
material subject to plane stress conditions are 
m m E C11 C22 2 (1-v ) 
m m vE (A.12) C12 == C21 2 (1-v ) 
E 
2(1+v) 
The quantities in (A.12) can be modified for plane strain problems by re-
placing E with E/(1-v2 ) and v with v/(1-v). 
The prescribed traction components on an element surface at time t + ~t 
are stored in a column vector {pt+~t} _ { t+~t t+~t} 
- P1 P2 " Similarly, the body 
force components within an element at time t + ~t are stored in vector 
t+~t format as {b } 
The subsequent sections present the linearized incremental stiffness 
equations .. 
1\ ') 1'1.",- Stiffness Equations 
Based on Potential Energy 
The incremental potential energy in (2.24) is written as a summation of 
element integrals. Terms that do not depend on the incremental displace-
ments (iee~, ~O(B) and bO(P» are dropped, since they do not contribute to 
the variation of ~n (force quantities are not varied)" 
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+ 112 \' I L.. r 
y 
[ t L( ) AL(J-)] dyr 2Sij I:::. Eij u 
e 
+ 1/2 \' I [2St Q(E ) J-t ] dyr 
L.. r ij I:::. ij 
y 
e 
- 112 \' I L.. r 
a 
Pe 
+ 1/2 \' J [( t t t 0bt+l:::.t) AL(J-)] dYr 
L.. r Sij Eij - 2U k P k U y 
e 
I I r I:::.u k p~+l:::.t (Ka)t dar 
a 
Pe 
(A.13) 
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The first seven integral sums in (A.13) represent the quadratic incre-
ments of the potential energy, and are associated with stiffness quantities. 
The generic matrix form for the i-th integral sum is 
Ki Ki f1x 
f1X}T 
xx xX 
1/2 {[~x I (A.14) 
Ki i f1X Xx KXX 
The specific matrix expressions for each sum are given next. 
[K 1 ] 
xx L I r [aH]T[B~]T[C1][B1][aH] jt dyr (A.15a) 
v 
e 
[K 1 ] 
xX L J r [aH]T[B
1]T[C 1][B2][aH] jt dvr (A.15b) 
v 
e 
[K 1 ] 
Xx L J r [aH]T[B
2]T[C 1][B1][aH] jt dyr (A.15c) 
y 
e 
1 [Kxx] L I r [aH]T[B2]T[C 1][B2][aH] jt dvr (A.15d) 
v 
e 
[C 1 ] [Z]T[Cm][Z] (A.15e) 
[K 2 ] == 0 (A.16a) 
xx 
[K 2 ] 
xX L J r [aH]T[B1]T{C2}[B3][aH] jt dyr (A.16b) 
v 
e 
[K 2 ] Xx 0 (A.16c) 
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2 [Kxx] L I r [aH]T[B2]T{C2}[B3][aH] jt dyr y 
e 
{C2} t t {J 1 kSkl 
t t J 1kSk2 
t t J 2k Sk1 
t t J 2kSk2 } 
[K 3 ] 
xx L I r [aH]T[B
1]T[C 3][B1][aH] jt dyr 
y 
e 
[K3 ] 
xX L I r [aH]T[[B1]T[C3][B2][aH] jt dyr y 
e 
[K 3 ] Xx L I r [aH]T[[B2]T[C3][B~] y 
e 
+ [C 4][B1]][aH] jt dyr 
[K~X] L I r [aH]T[[B2]T[C 3][B2] + [C 4][B2]][aH] Jt dyr 
[C 4 ] 
y 
e 
t J 1k 
t J 2k 
t 
Sk1 
t 
Sk1 
0 
0 
o 
o 
o 
0 
0 
t t 
J 1k Sk1 
t J 2k 
t 
Sk1 
o 
t J 1k 
t 
Sk2 0 
t J 2k 
t 
Sk2 0 
t t 
0 J 1k Sk2 
0 t J 2k 
t 
Sk2 
(A.,6d) 
(A.'6e) 
(A .. 17a) 
(A.17b) 
(A.17c) 
(A~17d) 
(A. 17f) 
[K 4 ] = 0 xx 
[K 4 ] 
xX = ° 
[K 4 ] Xx = ° 
4 [Kxx] I I r y 
e 
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[3H]T[C 5][3H] dyr 
o 
o 
5 
-c 
o 
o 
o 
o 
o rl u .J 
C5 st Et _ 2ut 0bt+bt 
= ij ij k P k 
[K 5 ] = 0 
xx 
[K 5 J = 0 Xx 
5 I I r 0 [KXX J P y 
e 
[K 6 J 
xx I J r 
a 
Pe 
[N]T{bt +bt}[B3][3HJ dyr 
[N]T{pt+bt}[B4][3HP] dar 
(A.18a) 
(A.18b) 
(A.18c) 
(A.18d) 
(A.18e) 
(A. 1 8f ) 
(A.19a) 
(A.19b) 
(A.19c) 
(A.19d) 
(A.20a) 
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[K 6 ] 
xX 0 (A.20b) 
[K 6 ] Xx I J r [N]T{pt+6t}[B
4][aHP] dar (A.20c) 
a 
Pe 
~ 6 ] LKXX == 0 (A.20d) 
[K 7 ] 
xx I I r [aHP]T[c
6][aHP] dar (A.21a) 
a 
Pe 
[K 7 ] 
xX 0 (A.2lb) 
[K 7 ] Xx 0 (A.21c) 
7 [KXX] 0 (A.21d) 
The detailed form of the matrix [C 6] in (A.21a) depends on the edge on which 
the surface traction is prescribed. This matrix is given by 
At "'tt 
J 21 J 21 0 
At At 
-J 11 J 21 0 
t t+6t 0 0 0 0 
[C 6] 
uk Pk 
2[(Ka)t]3 
At .... t 
-J 21 J 11 0 
At At 
J'l J 11 0 
0 0 0 0 
r for a surface traction prescribed on an element edge defined by xl 
is gi ven by 
(A.21e) 
±1; and 
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0 0 0 0 
t t+~t At At At At 
[C 6] Uk Pk 
0 J 22J 22 0 -J12J 22 
2[(Ka)t]3 
(A.21f) 
0 0 0 0 
0 
At At 
-J22J 12 0 
At At 
J 12J 12 
r if the load is prescribed by an edge defined by x2 = ±1. 
The eighth through twelfth terms in (A.13) are linear in the incremen-
tal displacements. These are associated with the incremental load vector. 
The generic matrix form for the i-th term is 
T 
- {~x I ~X} 
The specific matrix form for each term follows. 
{~R~} 1/2 L I r [aH]T[B2]T{C 2} Jt dvr 
v 
e 
(A.22) 
(A.23a) 
(A.23b) 
(A.24a) 
(A.24b) 
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(A.25a) 
{L~R 10} L I r 0 [N]T{b t +6t } Jt dvr (A.25b) x p 
v 
e 
{t~R 11-} 
x L I r [N]T{pt+6t} (Ka)t dar (A.26a) 
a 
Pe 
{6R 11 } 
X L I r [N]T{pt+6t} (Ka)t dar (A.26b) 
a 
Pe 
{6R12} L I r t t+6t [aHP]T[B4]T dar (A.27a) x uk Pk 
a Pe 
{6R12} 
X 0 (A.27b) 
The application of the principle of stationary potential energy results 
in (2.31). In general, the resulting stiffness matrix is nonsymmetrico 
However, only the symmetric part of K need be considered since 
o([x][A](x)) = 1/2 [oX][[A]+[A]T](x). The submatrices of the symmetric 
stiffness matrix are 
L J r 
.,., ~t r L J [C p Jdar [Kxx J [aHJ! [C ][aHJ J dv + (A.28a) xx r xx 
v a 
e Pe 
[KxX J L I r [aHJT [CxxJ[aHJ Jt dvr + L J r 0 [Cb ] dvr p xX 
v v 
e e 
+ L J r [C
p JT Xx 
dar (A. 28b) 
a 
Pe 
where 
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[Kxx] = L I r [aH]T [Cxx][aH] :It dvr + L I r 
a 
[KXX] 
Pe 
+ L I 0 [C bxx ] dvr r p 
v 
e 
L I r [aH]T [Cxx][aH] :Jt dvr + L 
v 
e 
+ [aHP]T[B4]T{pt+~t}T[N]] 
- [aHP]T[c 6][aHP] 
Pe 
J r 
v 
e 
[CxxJ [B~JT[C1J[B2J + 1/2 [B~JT{C2}[B3] 
- [B~]T[C3][B2] - 1/2 [B']T[C 4][B1] 
[Cb ] 
xX 
[N]T{bt+~t} [B3][aH] 
[C p ] 
xX 
1/2 [aHP][B4]T{pt+~t}T[N] 
[CxxJ [B2]TCC 1][B1] + 1/2 [B3]T{C2}T[B1] 
- [B2]T[C 3][B1] _ 1/2 [B1 ]TCC 4]T[B1] 
[C p xx] dar 
(A.28c) 
0 b dvr (A.28d) p [c xx] 
(A.29a) 
. (A.29b) 
(A.29c) 
(A.29d) 
(A.2ge) 
(A.29f) 
(A.29g) 
(A.29h) 
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[C
xx
] ... [B2]T[C~][B2] - 1/2 [B2]T{C2}[B3] 
- 1/2 [B3]T{C2}T[B2] + [B2]T[C 3][B2] 
+ 1/2 [B2]T[C 4][B1] + ~ [B']T[C 4]T[B2] 
+ 1/2 [C 5] + 1/2 [C 5]T 
[C~x] ... ~ [[N]T{b t +At }[B3][aH] 
+ [aH]T[B3]T{b t +At }T[N]] 
(A.29i) 
(A .. 29j) 
The symmetric property of the linearized stiffness matrix can be verified by 
noting that [C
xx
]' [C~x]' [C~xJ, and [C
xx
] are symmetric, and that [C~x] ... 
p T b b T T [CXxJ , [CxxJ ... [CxxJ , and [C xx ] ... [CXxJ.. The parti tions of the incre-
mental load vector in (2.31) are given by 
and 
{AR } 
x 
12 
L 
i=8 
12 
L {AR~} 
i=8 
A.3 Linearized Incremental Stiffness Equations 
Based on Virtual Work 
(A .. 30a) 
(A.30b) 
The truncated statement of virtual work in (2.28) is first expanded by 
the substitution of (2.29) .. 
+ L J 
+ L J 
+ L J 
- L J 
- L J 
r 
v 
e 
r 
v 
e 
r 
v 
e 
r 
v 
e 
r 
a 
Pe 
L I r 
v 
e 
+ L I r 
a 
Pe 
Ou. 
1,S 
Ou. 
1,S 
ou. 1,S 
oU k p 
oU k 
oUk p 
oUk 
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-t J SI 
t J ik 
t 
SkI /:::.L (j) dv
r 
0 t+/:::.t bk 
/:::.L (J) dvr 
t+/:::.t /:::.L (K a ) dar Pk 
0 t+/:::.t bk 
Jt dvr 
t+/:::.t (K a) t dar Pk 
The left-hand side of (A.31) leads to stiffness terms. The generic form of 
the i-th term is 
(A.32) 
and the stiffness matrix contributions for each term are 
[K 1 ] = 0 oX 
[C 7] 
3 [KoX] 
= 0 
t t J 1kSk1 
t t J 1kSk1 
0 
0 
1~4 
t t 
J lkSk2 0 0 
t t 
J 1 k Sk2 0 0 
0 t t J 2k Sk1 
t t J 2k Sk2 
0 t t J 2k Sk1 
t t J 2k Sk2 
[K~XJ = I I r [aH]T[B1]T{C2}[B3][aH] Jt dvr 
Ve 
[K5 ] = 0 oX 
(A.33a) 
(A .. 33b) 
(A .. 33c) 
(A .. 34a) 
(A.34b) 
(A.35a) 
(A.35b) 
(A.36a) 
(A.37a) 
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(A.37b) 
(A.38a) 
(A.38b) 
The matrices [C'], {C 2} and [C 3] are given in (A.1ge), (A.20e) and (A.21e) 
respecti vely. 
Equations (A.33) through (A.38) are assembled to form the submatrices 
of the linearized incremental stiffness equations in (2.32). 
[Kox] L I r [aH]T[cox][aH] jt dvr 
v 
e 
+ L I [N]T[Cp ][aHP] dar (A.39a) r aX 
a 
Pe 
[KC;X] L J r CaH]TCccx][aH] jt dvr 
v 
e 
+ L J r p O[N] T[c~x][aH] dvr (A.39b) 
v 
e 
where 
(A.40a) 
(A.40b) 
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(A.40c) 
(A.40d) 
The incremental load vector is given by (A.30a). 
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Table 6.1 Assumed Material Properties 
Properties 
Concrete 
Compressive Strength f~, ksi 
Tensil~ Strength ft' ksi 
Strain at f~ 
Strain at f t 
Steel Reinforcement 
Young's Modulus, ksi 
Yield Stress fy' ksi 
Ultimate Stress fu' ksi 
Yield Strain Sy 
Strain Hardening Strain sh 
Ultimate Strain Su 
4.5 
0.403 
0.003 
0.00013 
29,000 
72 
83 
0.00248 
O.Ol 
0.08 
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Table 6.2 Stiffness Properties of Constituent Elements 
t~a 11 Sube 1 ement 
Elastic Axial Rigidity, kip 
Elastic Shear Rigidity, kip 
Moment-Curvature Relationship 
of Level 6 to 10 (Primary Curve) 
First Slope, kip-in. 2 
Second Slope, kip-in. 2 
? 
Third Slope, kip-in.L 
Cracking Moment, kip-in. 
Yielding Moment, kip-in. 
Moment-Curvature Relationship 
of Base to Level 6 (Primary Curve) 
First Slope, kip-in. 2 
Second Slope, kip-in. 2 
Third Slope, kip-in. 2 
Cracking Moment, kip-in. 
Yielding Moment, kip-in. 
Beam Rotational Spring 
Moment-Rotation Relationship 
First Slope, kip-in. 
Second Slope, kip-in. 
Third Slope, kip-in. 
Cracking Moment, kip-in. 
Yielding Moment, kip-in. 
Structure-l Structure-2 
21 ,000 
7,610 
85,700 
28,500 
420 
4.5 
20.0 
85,700 
50,500 
1,000 
6.5 
39.0 
622 
127 
14 
o. 15 
1 .56 
21 ,000 
7,610 
85,700 
50,500 
1,000 
6.5 
39.0 
85,700 
50,500 
1 ,000 
6.5 
39.0 
810 
220 
15 
o. 15 
2.90 

102 
Table 6.3 Summary of Assumed Analytical Conditions for Dynamic Runs 
Run-l 
Run-2 
Run-3 
Run-4 
Run-5 
Run-6 
Run-7 
Run-8 
Run-9 
Run-IO 
* N = 
** EI. 
1 
*** ¢ = 
**** EA. 
1 
General Conditions for All Runs 
Damping Factor 
Time Interval 
Duration Time, sec 
Number of Steps 
Sl = 0.02 
0.00035 
3.0 
8,600 
Types of Structure 
and Base Motion 
Effect of N* on EI·** 1 
and Effect of ¢*** 
on EA.**** in Wall 1 
Structure-l Included 
Base Motion -1 
do Not Included 
(Elastic Axial Rigidity) 
do Not Included 
(Reduced Axial Rigidity) 
do do 
do do 
do do 
do do 
do do 
do do 
Structure-2 do 
Base Motion-2 
axial force 
= inelastic flexural rigidity 
curvature 
= inelastic axial rigidity 
S in the 
Newmark S 
Method 
1 
"6 
do 
do 
1 
4" 
1 
6 
do 
do 
do 
do 
do 
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Table 6.3 (continued) 
Stiffness Matrix Arrangement Pinching Strength 
for Calculation of of Wall Action of Decay of 
Damping Matrix Subelement Beam Beam 
Run-l Current Fine Included Included 
Run-2 do do do do 
Run-3 do do do do 
Run-4 do do do do 
Run-5 Initial do do do 
Run-6 Current Coarse do do 
Run-7 do Fine Not Included do 
Run-8 do do Included Not Inclu.ded 
Run-9 do do Not Included do 
Run-10 do do Included Included 
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Table 6.4 Mode Shapes and Frequencies of Structure-l 
Before Run-l After Run-l 
First Second Third First Second Third 
Mode ~1ode Mode Mode Mode Mode 
(a) Mode Shape 
Level 
10 1.44* -0.63 0.31 1.43 -0.65 0.34 
9 1 .27 -0.33 0.03 1 .27 -0.31 -0.01 
8 1 .10 -0.02 -0.21 1 .10 0.03 '-0.28 
7 0.92 0.26 -0.31 0.92 0.31 -0.34 
6 0.75 0.48 -0.23 0.74 0.49 -0.19 
5 0.57 0.59 -0.01 0.56 0.56 0.07 
4 0.41 0.59 0.22 0.39 0.52 0.29 
3 0.26 0.48 0.34 0.24 0.40 0.38 
2 0.13 .0.30 0.29 0.12 0.23 0.30 
1 0.04 O. 11 0.13 0.03 0.08 0.12 
(b) Frequency 
Hz 5.0 21 48 2.7 13 32 
* Modal participation factors are included in mode shapes. 
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Table 6.5 Maximum Responses of Structure-l 
in Comparison with Test Results 
Test Inelastic Elastic Reduced Elastic 
Results Axial Rigidity Axial Rigidity Axial Rigidity (Run-l) (Run-2) (Run-3) 
Acceleration, 9 
Level 10 1.66 1 .36 1.35 1 .41 
9 1 . 12 1.04 1 .00 1 .05 
8 0.75 0.77 0.81 0.79 
7 0.73 0.73 0.75 0.75 
6 0.85 0.82 0.73 0.87 
5 0.86 0.83 0.70 0.85 
4 0.82 0.77 0.66 0.84 
3 0.71 0.66 0.60 0.69 
2 0.57 0.53 0.51 0.53 
1 0.47 0.50 0.43 0.45 
Base 0.41 0.41 0.41 0.41 
Displacement, in. 
Level 10 1. 16 1 . 16 0.90 1 . 11 
9 1.00 1.03 0.80 0.98 
8 0.86 0.89 0.70 0.84 
7 0.71 0.75 0.60 0.70 
6 0.58 0.60 0.49 0.56 
5 0.46 0.37 0&43 
4 0.32 0.27 0.30 
3 0.20 o. 17 0.19 
2 0.09 0.09 0 .. 09 
1 0.03 0.03 0.03 
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Table 6.5 (continued) 
Test Inelastic Elastic Reduced Elastic 
Results Axial Rigidity Axial Rigidity Axial Rigidity (Run-l) (Run-2) (Run-3) 
Shear, kip 
Level 9 0.83 0.65 0.65 0.69 
8 1 .37 1 . 21 1.17 1 .23 
7 1.69 1.67 1.52 1 .57 
6 1.88 1.85 1.72 1. 78 
5 1 .91 1.94 1.85 1.88 
4 1 .94 2.08 2.01 1.89 
3 2. 12 2.26 2.22 2.10 
2 2.15 2.31 2.40 2.29 
1 2.37 2.73 2.57 2.47 
Base 2.54 2.92 2.71 2.60 
Moment, kip-in. 
Level 9 7.5 5.9 5.9 6.2 
8 19.9 16.6 16.4 17.2 
7 34.6 30.4 30.0 31 .3 
6 51.5 45.3 45.3 47.0 
5 69.2 61.8 60.6 63.3 
4 86.0 78.4 76.8 79.7 
3 102. 1 91.4 93.1 94.9 
2 118.9 109.7 110.9 108.5 
1 135.4 126.9 128.8 121 .7 
Base 151 .5 148.0 148.5 140.6 
Frequency, Hz 
Before Run 
1st Mode 4.8 5.0 5.0 4.3 
2nd Mode 20.0 21 .2 21 .2 20.1 
After Run 
1st Mode 2.7 2.7 3.0 2.7 
2nd Mode 13.0 13.2 13.6 13.6 
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Table 6.6 Effect of the Numerical Integration Scheme 
on the Maximum Responses of Structure-1 
S* of 1 6 S of 1 4 S of 1 6 S of 1 4 
(Run-3) (Run-4) (Run-3) (Run-4) 
Acceleration, g Shear, kip 
Level 10 1 .41 1 .41 Level 9 0.69 0.69 
9 1 .05 1.05 8 1.23 1 .23 
8 0.79 0.79 7 1.57 1 .57 
7 0.75 0.74 6 1.78 1 .78 
6 0.87 0.87 5 1.88 1.88 
5 0.85 0.85 4 1.89 1.90 
4 0.84 0.84 3 2.10 2. 12 
3 0.69 0.69 2 2.29 2.32 
2 0.53 0.53 1 2.47 2.51 
1 0.45 0.45 Base 2.60 2.60 
Base 0.41 0.41 
Displacement, in. Moment, kip-in. 
Level 10 1 . 11 1 .10 Level 9 6.2 6.2 
9 0.98 0.97 8 17.2 17.2 
8 0.84 0.83 7 31.3 31.3 
7 0.70 0.70 6 47.0 47.0 
6 0.56 0.56 5 63.3 63.3 
5 0.43 0.43 4 79.7 79.7 
II 0.30 0.30 ") nil n 94.9 't .) ::1'+.::1 
3 O. 19 O. 19 2 108.5 108.5 
2 0.09 0.09 1 121.7 121.7 
1 0.03 0.03 Base 140.6 141 .3 
Frequency, Hz Before Run 1st Mode 4.3 4.3 
2nd Mode 20. 1 20. 1 
After Run 1st Mode 2.7 2.7 
2nd Mode 13.6 13.6 
* The constant of S in the Newmark S Method. 
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Table 6.7 Effect of the Choice of Stiffness Matrix 
for the Calculation of Damping Matrix 
on the Maximum Responses of Structure-1 
Updated Initial Updated Initial 
Stiffness Stiffness Stiffness Stiffness 
Matrix Matrix Matrix Matrix 
(Run-3) (Run-5) (Run-3) {Run-5) 
Acceleration, g Shear, kip 
Level 10 1 .41 1.33 Level 9 0.69 0.67 
.9 1.05 1.04 8 1 .23 1 . 17 
8 0.79 0.78 7 1 .57 1.54 
7 0.75 0.72 6 1.78 1.79 
6 0.87 0.77 5 1 .88 1.87 
5 0.85 0.79 4 1 .89 1.93 
4 0.84 0.77 3 2.10 2.20 
3 0.69 0.64 2 2.29 2.45 
2 0.53 0.52 1 2.47 2.61 
1, 0.45 0.44 Base 2.60 2.72 
Base 0.41 0.41 
Displacement, in. Moment, kip-in. 
Level 10 1 . 11 1.03 Level 9 6.2 6.0 
9 0.98 0.92 8 17.2 16.6 
8 0.84 0.80 7 31 .3 30.2 
7 0.70 0.68 6 47.0 46.1 
6 0.56 0.55 5 63.3 62.8 
5 0.43 0.43 4 79.7 79.0 
4 0.30 0.31 3 94.9 94.0 
3 0.19 o. 19 2 108.5 107~6 
2 0.09 0.10 1 121 .7 122.3 
1 0.03 0.03 Base 140.6 145.2 
Frequency, Hz Before Run 1st Mode 4.3 4.3 
2nd Mode 20.1 20. 1 
After Run 1st Mode 2.7 2.8 
2nd Mode 13.6 13.8 
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Table 6.8 Effect of the Arrangement of Wall Sube1ements 
on the Maximum Responses of Structure-1 
Fine Coarse Fine Coarse 
Arrangement Arrangement Arrangement Arrangement 
(Run-3) (Run-6) (Run-3) (Run-6) 
Acceleration, g Shear, kip 
Level 10 1 .41 1 .42 Level 9 0.69 0.70 
9 1.05 1.06 8 1.23 1 .25 
8 0.79 0.78 7 1.57 1.59 
7 0.75 0.76 6 1.78 1.79 
6 0.87 0.87 5 1.88 1.89 
5 0.85 0.85 4 1.89 1 .91 
4 0.84 0.80 3 2.10 2.07 
3 0.69 0.69 2 2.29 2.28 
2 0.53 0.53 2.47 2.48 
1 0.45 0.45 Base 2.60 2.·64 
Base 0.41 0.41 
Displacement, in. Moment, kip-in. 
Level 10 1 . 11 1 . 17 Level 9 6.2 6.3 
9 0.98 1.03 8 17.2 17.4 
8 0.84 0.88 7 31 .3 31.7 
7 0.70 0.73 6 47.0 47.6 
6 0.56 0.58 5 63.3 64.3 
5 0.43 0.44 4 79.7 80.7 
4 0.30 0.31 3 94.9 96.0 
3 o. 19 o. 19 2 108.5 109.5 
2 0.09 0.10 1 121.7 123. 1 
1 0.03 0.03 Base 140.6 140.8 
Frequency, Hz Before Run 1st Mode 11 ') 4.3 '1".J 
2nd Mode 20. 1 20.1 
After Run 1st Mode 2.7 2.7 
2nd Mode 13.6 13.4 
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Table 6.9 Effects of the Pinching Action and Strength Decay 
of Beams on the Maximum Responses of Structure-l 
Both Effects Only Strength Only Pinching Both Effects 
Included Decay Included Action Included Not Included 
(Run-3) (Run-7) (Run-8) (Run-9) 
Acceleration, g 
Level 10 1.41 1.40 1 .41 1 .40 
,9 1.05 1.05 1 .05 1.05 
8 0.79 0.78 0.79 0.78 
7 0.75 0.73 0.73 0.73 
6 0.87 0.85 0.83 0.84 
5 0.85 0.83 0.86 0.87 
4 0.84 0.80 0.84 0.81 
3 0.69 0.66 0.69 0.68 
2 0.53 0.54 0.54 0.53 
1 0.45 0.45 0.46 0.45 
Base 0.41 0.41 0.41 0.41 
Displacement, in. 
Level 10 1 . 11 1 .01 0.89 0.88 
9 0.98 0.90 0.78 0.78 
8 0.84 0.79 0.67 0.67 
7 0.70 0.67 0.56 0.56 
6 0.56 0.55 0.44 0.45 
5 0.43 0.43 0.34 0.34 
4 0.30 0.30 0.24 0.24 
3 0.19 0.19 O. 16 O. 16 
2 0.09 0.10 0.08 0.08 
1 0.03 0.03 0.02 0.02 
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Table 6.9 (continued) 
Both Effects Only Strength Only Pinching Both Effects 
Included Decay Included Action Included Not Included 
(Run-3) (Run .. 7) (Run-8) (Run-9) 
Shear, kip 
Level 9 0.69 0.68 0.69 0.68 
8 1.23 1.22 1 .23 1.22 
7 1 .57 1.58 1.57 1 .58 
6 1.78 1.80 1.78 1.80 
5 1.88 1.89 1.88 1.89 
4 1.89 1.93 1.88 1 .90 
3 2.10 2.19 2.17 2.14 
2 2.29 2.43 2.53 2.49 
1 2.47 2.60 2.77 2.73 
Base 2.60 2.70 2.92 2.88 
Moment, kip-in. 
Level 9 6.2 6. 1 6.2 6.1 
8 17.2 17. 1 17.2 17 . 1 
7 31.3 31 . 1 31 .3 31 . 1 
6 47.0 47.0 47.0 47.0 
5 63.3 63.5 63.3 63.5 
4 79.7 80.2 79.7 80.2 
3 94.9 95.7 94.9· 95.7 
2 108.5 110. 1 108.5 110. 1 
1 121.7 124.4 121. 7 124.4 
Base 140.6 145.2 140.8 141 . 1 
Frequency, Hz 
Before Run 
1st Mode 4.3 4.3 4.3 4.3 
2nd Mode 20.1 20.1 20.1 20.1 
After Run 
1st Mode 2.7 2.9 3.3 3.3 
2nd Mode 13.6 13.9 14.5 14.5 
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Table 6.10 Mode Shapes and Frequencies of Structure-2 
Before Run-10 After Run-l0 
First Seconq Third First Second Third 
Mode Mode Mode Mode Mode Mode 
(a) Mode Shape 
Level 
10 1.46* -0.66 0.32 1.43 -0.63 0.31 
9 1 .27 -0.32 0.02 1.28 -0.33 0.03 
8 1.08 0.02 -0.23 1 . 12 -0.04 -0.20 
7 0.89 0.31 -0.32 0.96 0.22 -0.29 
"6 0.70 0.S2 -0.23 0.79 0.42 -0.23 
S 0.S3 0.63 0.00 0.63 0.S4 -O.OS 
4 0.37 0.61 0.24 0.47 0.S6 0". 17 
3 0.22 0.49 0.36 0.31 0.49 0.32 
2 O. 11 0.30 0.31 0.18 0.33 0.31 
0.03 0.11 0.14 0.07 O.lS O. 17 
(b) Frequency 
Hz 4.4 21 48 2.S 12 31 
* Modal participation factors are included in mode shapes. 
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Table 6.11 Maximum Responses of Structure-2 
in Comparison with Test Results 
Test Calculated Test Calculated Results Results Results (Run-10) Results (Run-10) 
Acceleration, 9 Shear, kip 
Level 10 1 .84 2.22 Level 9 0.92 1 .28 
9 1.24 1 .71 8 1.52 1.96 
8 1.00 1.30 7 1.84 2.59 
7 1.10 1 . 12 6 2. 14 2.93 
6 1.31 1 .32 5 2.43 3.10 
5 1.27 1.43 4 2.72 3.23 
4 1 . 19 1 .41 3 2.97 3.40 
3 1.10 1.27 2 3.42 4.00 
2 1.00 0.98 1 3.74 4.44 
1 0.94 0.89 Base 3.92 4.54 
Base 0.91 0.91 
Displacement, in. Moment, kip-in. 
Level 10 2.05 1.97 Level 9 8.4 11 .5 
9 1.92 1.78 8 22.2 26.5 
8 1.69 1.58 7 38.8 49.7 
7 1.43 1.37 6 56.2 76.0 
6 1. 18 1. 14 5 77.6 103.5 
5 0.94 0.92 4 99.8 131 .4 
4 0.71 0.69 3 121 .9 158.1 
3 0.50 0.47 2 149.0 185.3 
2 0.28 0.27 1 174.9 211 .4 
1 O. 13 o. 11 Base 199.1 234.3 
Frequency., Hz Before Run 1st Mode 4.5 4.4 
2nd Mode 19.0 20.8 
After Run 1st Mode 2.5 2.5 
2nd Mode 12.0 12.0 
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APPENDIX A 
CALCULATIONS OF WALL STIFFNESS PROPERTIES 
IN THE COMPUTER PROGRAM 
The detailed procedure to evaluate the wall stiffness properties in 
the computer program is schematically discussed in this appendix. The 
aM aM aN aN properties to be evaluated are a¢' an' aE' and a¢" These quantites are 
first defined in Eqs. (3.10) and (3.11) of Section 3.3. 
The instantaneous flexural rigidity and axial rigidity of a wall 
subelement are derived from these properties as shown in Eq. (3.13) of 
Section 3.3. These properties are varied nonlinearly and correlated 
mutually in the process of inelastic action of a subelement making the 
problem highly complicated. 
It is desirable to linearize these properties in a piecewise fashion 
for simplicity, because the hysteresis rules are already developed around 
a trilinearized version of the primary curve. 
A.l Calculation of Pseudo-Flexural Rigidity ~ 
The procedure to develop an idealized moment-curvature relationship 
for a constant axial force is discussed in Section 3.3. The series of 
idealized moment-curvature relationships for different values of constant 
axial force are shown in Fig. 3.6. 
A major difficulty in the calculation of ~~ is that there are an 
infinite number of moment-curvature curves corresponding to different axial 
forces and axial force variations although the hysteresis rules require 
a single moment curvature curve. 
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To avoid this difficulty, a moment-curvature relationship for a 
. specified axial force is chosen to be the primary curve of the hysteresis 
loop_ The dead load of the wall is considered as the specified axial 
force for which the primary curve is chosen. The primary curve is shown 
by the thick solid lines in Fig. A.l. 
In an actual loading process, the moment-curvature curve may depart 
from this primary curve due to changes in the axial force. In establishing 
the various curves the yielding curvature for any moment-curvature curve 
is assumed to be the same regardless of axial force level, Fig. A.l. 
If the moment, axial force, and previous loading history are known 
at a stage in the loading process, the location for the present loading 
level can be specified as shown in Fig. A.l. 
If the location of the present loading level happens to be at 
point A, the referring point Alan the primary curve can be located by 
projecting vertically down from point A to the intersection with the 
primary curve as shown in Fig. A.l. The moment at the referring point 
AI is calculated from an equation of the form: 
(A.l) 
where 
rnA' = moment at the referring point AI 
rnA = moment at the point A 
6n = difference between the present axial force 
and axial force for the primary curve 
In this procedure, whether the cracking point or the yielding point 
has been exceeded or not can be checked by referring to the hysteresis 
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loop of the primary curve. 
aM . The value 3¢ for an arbitrary moment and axial force can be calculated 
by locating the referring point on the hysteresis loop of the primary curve, 
then modifying the slope of hysteresis loop at the referring point. 
aH The modification of a¢ can be expressed as follows: 
~ ~(ar~) (n - n )] K = K 1 + an 0 o ~m 
where 
K = ~~ for arbitrary moment and axial force 
KO = ~~ at the referring point on the primary curve 
(A.2) 
~(~~) = increment of ~~ at the referring point on the primary curve 
6m = increment of moment at the referring point on the primary 
curve 
n = axial force (compression is positive) 
nO = axial force for which the primary curve is evaluated 
(usually dead load) 
aM A.2 Calculation of din 
The value ~~ can be evaluated by examinating the idealized moment-
curvature relationship in Fig. 3.6. For simplicity sake, it is assumed 
that ~~ is a linear function of the moment level. The evaluation of ~~ 
at an arbitrary point on the hysteresis loop is schematically explained 
in Fig. A.2. 
rst, the values of ~~ at specified moment levels of the primary 
curve are determined by taking an average of the values ~~ for different 
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axial force levels at each specified point. The levels of zero moment, 
cracking moment and yielding moment are chosen as these specified 
levels. 
The value ~~ is assumed to be zero at the zero moment level. 
After the yielding level, the value ~~ is considered to be constant. 
The value ~~ at an arbitrary point in the hysteresis loop can be evaluated 
by linearly interpolating the values ~~ at specified levels such as the 
cracking and yielding levels. 
8M The procedure to evaluate an can be applied to the unloading curve 
as well as the loading curve with one exception. The exception to this 
procedure is that before cracking is initiated by the loading, the value 
8M -an is always zero, taking account of the characteristics of the moment-
curvature relation of the reinforced concrete section. 
A.3 Calculation of Pseudo-Axial Rigidity ~ 
The axial force-axial strain relationship corresponding to a given 
curvature can be calculated by using the procedure explained in Section 
3.2. In the procedure, the axial strain is determine~ by taking an 
average of the axial strain distribution over the cross section. A 
series of axial force-axial strain relationship curves are shown in 
Fig. A.3. There are an infinite number of such axial force-axial 
strain curves corresponding to different values of curvature. 
It is assumed that the relations between axial force, axial strain, 
and curvature are kept to be always the same regardless of the loading 
history. This means that the deterioration of axial rigidity depends only 
on the axial force and curvature. Therefore, if the axial force and 
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curvature at any stage in the loading process are known, the present 
location in the loading process can be specified without knowing the 
previous history of loading. The slope of the axial force-axial strain 
curve at that location is considered as the instantaneous pseudo-axial 
o "dOt aN 
rlgl 1 y as" 
To simplify the problem, the axial force-axial strain curve is 
slightly modified. In the computer program each axial force-axial strain 
curve is represented by a straight line with a different slope as shown 
in Fig. A.4. 
The variation of the slope ~~ with" respect to curvature ¢ can be 
expressed approximately by a third order equation in the curvature, ¢, 
as shown in Fig. A.5. It is assumed that if a curvature ¢ exceeds the 
limiting value, the value ~~ becomes constant. 
where 
The slope, ~~, is expressed as follows: 
o < I¢I 2. b 
~~ - a(b - 1¢1)3 + c 
b < I¢I 
aN as = c 
a, b, and c = coefficient of the third order equation 
I¢I = absolute value of curvature 
(A.3) 
The coefficient a, band c should be evaluated so that the approximate 
expression of the ~~ - ¢ curve in Fig. A.5 is made as close to the real 
one as possible. 
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The range of axial force-axial strain curves is limited by two 
boundary lines A and B as shown in Fig. A.3. If an axial force-axial 
strain curve exceeds either boundary line, A or B, the curve is then 
assumed to travel along the line A or B depending on which line is 
exceeded. 
Line A corresponds to the situation when the tensile stress due to 
moment is overcome by the compressive stress due to compressive force. 
There is no tensile stress on that section. Line B corresponds to a 
full cracking stage in which only reinforcing bars exist on a section 
after cracking. 
Line A can be approximately straight until a concrete crushing is 
initiated. Also line B can be straight until reinforcement yielding 
happens. 
The equation of the idealized axial force-axial strain lines in 
Fig. A.4 can be expressed as follows: 
Within the range limited by two boundary lines A and B 
Otherwise 
N = K,s (compression) j N = K2s (tension) 
where 
N = axi al force (function of ¢ and s) 
s = axial strain 
aN slope of N -s line that is defined in Eq. (A.3) 3"S-
(A.4) 
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(~) = differentiation of axial force with respect 
8cp E=O 
to curvature at zero axial strain 
cp = curvature 
Kl = slope of boundary line A 
K2 = slope of boundary line B 
A 4 1 1 · f 8N . Ca cu atlon a a¢ 
The expression of ~~ can be obtained by simply differentiating 
Eq. (A.4) with respect to curvature cp. 
The results of this differentiation are expressed as follows: 
Within the range limited by two boundary lines A and B 
b~cp 8N _ d acp-
O~cp~ b 8N _ 2 acp- -3a(b - cp) E + d 
-b ~ cp ~ 0 8N _ 3a(b + cp)2 E - d acp-
cp ~ =b 8N -d a¢ -
Otherwise 
8N _ 0 acp-
where 
d = (~) 
acp E=O 
(A.5) 
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APPENDIX B 
COMPUTER PROGRAM FOR NONLINEAR RESPONSE ANALYSIS 
OF COUPLED SHEAR WALLS 
The computer program was developed to calculate nonlinear response 
of coupled shear walls under dynamic loads as well as static loads. The 
method of analysis was described in Chapter 4. The program is limited to 
the analysis of a symmetric coupled shear wall structure with less than 11 
stories. A wall member can be divided into subelements in any arrangement 
up to 7 elements. 
The total core space required to run the program is approximately 
220 kilo-bites in IBM 360/75 computer, including temporary disk space for 
calculated response values. It took approximately 15 minutes of computing 
time to run the program for the nonlinear response analysis of a ten-story 
coupled shear wall structure subjected to 3 seconds of base motion at a 
.00035 second time interval. Calculated response values were temporarily 
stored in disk space and were plotted at the end of analysis on a CALCOMP 
plotter. 
The flow diagram of the computer program for nonlinear response 
analysis of coupled shear walls is shown in Fig. B.l. 
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Print: 
Static case 
Plot: 
I Step routine end I 
L maximum and minimum structural responses 
2. maximum and minimum member end forces 
1 
I I Dynamic case I 
1 . base acceleration record 
2. base shear response 
3. base overturning moment response 
4. acceleration response at each story J 
5. displacement response at each story 
Plot: 1. base overturning moment-top story 
displacement relation 
Fig. B.l (continued) 
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